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ABSTRACT
Symmetrically coupled identical oscillators were once believed to support only totally synchronous or totally asynchronous
states. More recently, chimera states, in which a subset of oscillators behaves coherently while the other subset exhibits disorder,
have been found in large arrays of oscillators, coupled either locally or globally. We demonstrate for the first time the existence
of a chimera state with only two diffusively coupled identical oscillators, one behaving nearly periodically (coherently) and the
other chaotically (incoherently). We attribute this behavior to a “master-slave” interaction, which arises via a symmetry-breaking
canard explosion.
Published under license by AIP Publishing. https://doi.org/10.1063/1.5060959

A chimera state consists of a network of coupled oscillators
in which a subset behaves coherently while the remainder
act incoherently. Chimeras occur in a variety of chemical
and physical systems and may account for the ability of
some mammals to shut down one hemisphere of the brain
while the other is active during sleep. Chimeric behavior is
generally found in large sets (dozens to hundreds) of coupled oscillators. Here, we ask what is the smallest network
that can give rise to chimeric behavior. We find that a symmetrically coupled set of two model chemical oscillators
is sufficient, and we identify a mechanism that generates
chimeric behavior via a symmetry-breaking transition.

I. INTRODUCTION
The notion of a chimera, a creature composed of parts
from two or more different animals, has fascinated people
since the ancient Greeks. In 2002, Kuramoto and Battogtokh demonstrated that a network of coupled oscillators can
contain subgroups displaying synchrony on the one hand
and disorder on the other hand,1 a phenomenon dubbed
chimeric by Abrams and Strogatz.2 Since then, chimera states
have been discovered in a wide variety of systems, including electrochemical oscillators,3,4 fluid-coupled oscillators,5

Chaos 29, 013131 (2019); doi: 10.1063/1.5060959
Published under license by AIP Publishing.

electronic delay oscillators,6 and diffusively coupled chemical oscillators.7,8 Most such studies have employed relatively
large arrays—dozens to hundreds—of oscillators. One may
ask what is the smallest possible system that might constitute a chimera. Here, we address this question by considering
two identical, symmetrically coupled chemical oscillators. We
show that such a system can behave chimerically and suggest
a general mechanism by which this phenomenon can arise.
Early studies of chimeric behavior focused on systems in which one group of periodic oscillators is synchronized (behaves coherently), while the other is desynchronized (behaves incoherently), typically with a distribution
of oscillator frequencies. Later, a variety of other chimeric
behaviors were identified, many of which are included in a
recently proposed classification scheme.9 For example, Ashwin and Burylko10 explored the behavior of weak chimeras,
in which a network of four or more indistinguishable phase
oscillators with at least two different coupling strengths
splits into groups with different frequencies. Kapitaniak and
collaborators11 have found several types of chimeric behavior, including one in which two oscillators behave periodically
while a third is chaotic, in a system of three identical globally coupled pendulum-like oscillators. The system we study
here resembles the ones discussed above in that it contains
identical oscillators, but it contains only a pair of chemical,
relaxation-type oscillators.

29, 013131-1

Chaos

ARTICLE

scitation.org/journal/cha

(a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

(i)

FIG. 1. Orbit diagrams showing maxima of u for reciprocally coupled (RC), single (S), “master-slave” (MS), and uncoupled forced (UF) LE systems. Parameters: a = 6.54
for all but a = 6.49 for S, du = 0.00081, dv = 0.0018, and for UF, A = 7.6947 × 10−4 , T = 50, and φ = 3.40 × 10−4 . Initial conditions: for RC (u1 , v1 ) = (0.63, 2.82),
(u2 , v2 ) = (3.27, 2.70); for S (u, v) = (0.63, 2.87); and for MS and UF (u1 , v1 ) = (0.63, 2.87), (u2 , v2 ) = (3.27, 2.70). (a) RC. (b) RC [enlargement of rectangle in Fig. 1(a)].
(c) S. (d) MS. (e) MS [enlargement of left rectangle in Fig. 1(d)]. (f) Period doubling to chaos, MS [enlargement of right rectangle in Fig. 1(d)]. (g) UF. (h) Period doubling with
increasing β for UF [enlargement of left rectangle in Fig. 1(g)]. (i) Period doubling with decreasing β for UF [enlargement of right rectangle in Fig. 1(g)]. Oscillator 1 in blue
and oscillator 2 in red.
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TABLE I. Unique observations in the reciprocally coupled system.

Case
1
2
3
4
5
6
7
8

β

Peaks/period
osc. 1

Comments

<0.001
0.0010–0.0017
0.0018–0.0078312
0.0078313–0.01085
0.01086–0.01093
0.01094–0.0116107
0.0116108
> 0.101

1
2
1
3
Multi
Chaos
1
Fixed point

In-phase
Antiphase
In-phase
Reverse canard
Complex periodicity
Chimera
In-phase
Supercritical Hopf

Since an oscillator described by ordinary differential
equations in which time is the independent variable requires
at least two dependent variables, a minimal configuration for
chimeric behavior would appear to be a four-variable system
consisting of two coupled oscillators, one behaving periodically (coherently) and the other chaotically (incoherently).
The observant reader will note that an autonomous chaotic
system requires three variables, suggesting the need for at
least five variables. We will show, however, that four variables
are sufficient, because a periodic subsystem can provide a
time-dependent forcing of the two variables that constitute
the other subsystem, thereby allowing the latter to oscillate aperiodically. Thus, it should, in principle, be possible
to construct a four-variable chimera, and we present such a
system here, consisting of two identical Lengyel-Epstein (LE)
chemical oscillators symmetrically coupled via “diffusion.”

(a)

scitation.org/journal/cha

The LE model describes temporal oscillations and Turing
pattern formation in the chlorine dioxide-iodine-malonic acid
(CDIMA)12 and chlorite-iodide-malonic acid (CIMA) reactions.13
It has an activator, u, corresponding to the iodine-containing
species, and an inhibitor, v, representing the chlorinecontaining species. The differential equations for its time
evolution are
4u1 v1
du1
= a − u1 −
+ du (u2 − u1 ),
dt
1 + u21

(1)


u1 v1 
dv1
= β u1 −
+ dv (v2 − v1 ),
dt
1 + u21

(2)

4u2 v2
du2
= a − u2 −
− du (u2 − u1 ),
dt
1 + u22

(3)


u2 v2 
dv2
− dv (v2 − v1 ),
= β u2 −
dt
1 + u22

(4)

where a is a parameter related to the reactant concentrations,
β is a parameter related to both the reactant concentrations and the concentration of an immobile indicator, and dx
represents the coupling strength for species x.
Simulations of Eqs. (1)–(4) display a variety of interesting dynamical behaviors for different parameters and initial
conditions. One of these behaviors, the chimera state, is the
subject of this paper.

(b)

FIG. 2. Time series and limit cycle of antiphase oscillations. Parameters: a = 6.54, dv = 0.0018, du = 0.00081, and β = 0.0017. Initial conditions: (u1 , v1 ) = (0.63, 2.82)
and (u2 , v2 ) = (3.27, 2.70). Both plots obtained from t = 95000 to t = 100000. (a) Time series of u1 and u2 . Blue, oscillator 1; red, oscillator 2. (b) Limit cycle. Green,
u-nullcline; dark yellow, v-nullcline.
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II. RESULTS
A. The reciprocally coupled system
Numerical simulations show that for most parameters
and initial conditions, each oscillator undergoes a limit cycle
oscillation, with the two becoming synchronized with the
same amplitude, period, and phase. This in-phase state is
always stable in the range of parameter values that we studied. It can be bistable with the chimera state, which exists in
a narrow parameter region [see Fig. 1(a) and Table I] where
one oscillator, which for the sake of specificity, we choose as
oscillator 1, oscillates with a smaller amplitude, while the other
oscillator oscillates with nearly the same amplitude and period
as the in-phase state.
Fixing a = 6.54, du = 0.00081, and dv = 0.0018, we examine
how the system behaves as a function of β, which

scitation.org/journal/cha

characterizes the ratio of time scales for the u and v dynamics. At low β (β < 0.001), both oscillators oscillate with the
same amplitude, period (singly periodic), and phase. As β is
increased (β = 0.0010–0.0017), an additional stable antiphase,
biperiodic state emerges. The two oscillators have the same
amplitude and period, with each alternately making a loop
around the lower bend of the u-nullcline while the other follows the large cycle, leading to the antiphase oscillation. The
antiphase state can be reached by starting with the oscillators near opposite ends of the large loop. Figure 2 shows
the time series and limit cycle obtained after the oscillators
switch from synchronized in-phase to antiphase. The inset
of Fig. 2(b) shows the small loop at the lower bend of the unullcline in more detail. Each time one of the oscillators is on
the large cycle, the other oscillator rotates around the small
loop, leading to antiphase behavior. The antiphase behavior

(a)

(b)

(c)

(d)

(e)

(f)

FIG. 3. Loss of stability of the fixed point through a supercritical Hopf bifurcation as β is increased. Plots obtained with initial conditions (u1 , v1 ) = (0.63, 2.82) and (u2 , v2 ) =
(3.27, 2.70) and parameters a = 6.54, du = 0.00081, and dv = 0.0018. (a) Large amplitude limit cycle at β = 0.0078312. (b) Period-3 limit cycle at β = 0.0078313.
(c) Chimera state at β = 0.0116107. (d) Large amplitude limit cycle at β = 0.0116108. (e) Small amplitude limit cycle at β = 0.04. (f) Stable focus at β = 0.2. Plots for
(a)–(e) obtained using data from t = 90 000 to t = 100 000 and (f) using data from t = 0 to t = 100 000. Blue, oscillator 1; red, oscillator 2; green, u-nullcline; and dark
yellow, v-nullcline.
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(c)

FIG. 4. Time series showing triperiodic oscillation and complex periodicity before chaos with increasing β for reciprocally coupled system. (a) Triperiodic oscillations at
β = 0.01084. (b) Multiperiodic oscillations (33 peaks/period) at β = 0.01087. (c) Chaos at β = 0.0116107.

disappears for β > 0.0017, and only the in-phase large amplitude oscillations are stable for β = 0.0018 − 0.0078312 [see
Fig. 3(a)].
At β = 0.0078313, oscillator 1 undergoes a reverse canard
explosion [Figs. 3(a) and 3(b)] to give small amplitude triperiodic oscillations, while oscillator 2 maintains its original singly
periodic large amplitude oscillations. As β is further increased,
oscillator 1 exhibits increasingly complex periodic behavior,
as exemplified by the time series in Figs. 4(a) and 4(b). The
chimera state, shown in Fig. 3(c), emerges after this complex periodic behavior at about β = 0.01094 and remains until
about β = 0.0116107. In this state, oscillator 1 is chaotic, as

(a)

shown in Fig. 1(b), and oscillator 2 follows a slightly blurred
version of the large singly periodic loop. The route to chaos
in this range of β appears to be an example of the RuelleTakens-Newhouse (RTN) scenario,14 involving a supercritical
torus bifurcation. Figure 5 shows a time series, power spectrum, and next amplitude map for oscillator 1 just before
the onset of chaos. The time series appears quasiperiodic,
the power spectrum shows three major peaks with harmonics, and the next amplitude map consists of three distinct closed curves, all of which suggest the existence of
an attracting three-torus, a prelude to chaos in the RTN
scenario.

(b)

(c)

FIG. 5. Quasiperiodic oscillations obtained from numerical integration for reciprocally coupled system. Parameters: a = 6.54, dv = 0.0018, du = 0.00081, and
β = 0.01089. Initial conditions: (u1 , v1 ) = (0.63, 2.82) and (u2 , v2 ) = (3.27, 2.70). (a) Time series. (b) Power spectrum of u1 . Colored vertical lines indicate major
frequencies and their harmonics: red, 2.394; green, 2.927; and black, 5.254. (c) Next-amplitude map.
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(e)

FIG. 6. Chimera state obtained from numerical integration starting from initial conditions (u1 , v1 ) = (0.63, 2.82) and (u2 , v2 ) = (3.27, 2.70). Parameters: a = 6.54,
β = 0.0116, du = 0.00081, and dv = 0.0018. (a) Phase portrait from t = 90 000 to t= 95 000. Uncoupled limit cycle (gray), oscillator 1 trajectory (blue), oscillator 2
trajectory (red), u-nullcline (green), v-nullcline (dark yellow). (b) Time series of u1 and u2 from t = 90000 to t = 91 000 for oscillators 1 and 2, blue and red, respectively. (c)
Phase portrait from t = 90 000 to t = 91 000. (d) Phase portrait from t = 90 000 to t = 95 000. (e) Phase portrait from t = 90 000 to t = 100 000.

On continuing to increase β, the two oscillators resynchronize in-phase, decrease in amplitude, and eventually lose
stability through a supercritical Hopf bifurcation at β > 0.101,
as shown in Figs. 3(d)–3(f). If we decrease β starting above
0.0116108, we observe the appearance of the chimera state via
a canard-like transition from in-phase oscillation to chaos, as
seen in Figs. 3(c) and 3(d). Table I summarizes the transitions
exhibited by this reciprocally coupled system for increasing
β. The behavior described occurs only in a narrow range of a
around 6.54, but persists over a considerable span of coupling
constants 0 ≤ du ≤ 8.1 × 10−4 and 1.8 × 10−3 ≤ dv ≤ 2.0 × 10−3 .
Figure 6 shows trajectories and time series of the chimera
state. Comparing the limit cycle of the uncoupled system
(gray) to the phase portrait of oscillator 2, it can be seen
from Fig. 6(a) that the latter’s trajectory is a slightly smaller
(and fuzzier) version of that of the uncoupled oscillator. The
spreading of the limit cycle of oscillator 2 is the result of
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the drag that oscillator 1 exerts on oscillator 2 through the
coupling terms.
Figures 6(c)–6(e) show phase portraits constructed from
time series over three nested time intervals. As the duration of
the interval is increased, the width of oscillator 2’s trajectory
remains unchanged, while oscillator 1 fills in the region of its
attractor more densely, as is typical for a chaotic attractor.

B. The “master-slave” model
To characterize the chimera state, we first constructed
next-amplitude (1D) maps for both oscillators. The maps in
Fig. 7 demonstrate that oscillator 1 has a trajectory that traverses a much larger domain than that of oscillator 2, which
is confined almost to a point. To assess whether or not the
behavior of oscillator 2 is essentially periodic, we examine a
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(b)

(d)

FIG. 7. Next-amplitude maps for the reciprocally coupled system (a) and (b) with initial conditions and parameters as in Fig. 6 and the “master-slave” system (c) and (d) with
similar initial conditions and parameters but with β = 0.01236. (a) Incoherent oscillator 1. (b) Coherent oscillator 2. (c) Incoherent oscillator 1. (d) Coherent oscillator 2.

system in a “master-slave” scenario, in which one of the oscillators drives the other, but receives no reciprocal input. The
system we consider consists of Eqs. (1)–(4) with du and dv set
to zero in Eqs. (3) and (4).
The orbit diagram of this “master-slave” model resembles that of the reciprocally coupled system in several aspects.
Unlike the reciprocally coupled system, the “master-slave”
model lacks the antiphase behavior. Both systems, however,
undergo a transition from the two oscillators being synchronized with equal amplitude, period, and phase through a
reverse canard explosion, to triperiodic oscillations for oscillator 1 in the reciprocally coupled system and to biperiodic
oscillations for oscillator 1 in the “master-slave” model, with
singly periodic oscillation for oscillator 2 in both. In both systems, oscillator 1 transitions from triperiodic and complex
periodicity to chaotic behavior as shown in Figs. 1(b) and 1(e)
for the reciprocally coupled system and the “master-slave”

Chaos 29, 013131 (2019); doi: 10.1063/1.5060959
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model, respectively. The “master-slave“ model shows a reverse
period doubling cascade [see Fig. 1(f)], while the reciprocally
coupled system fails to do so. The two modes of transition
to chaos in the “master-slave” system resemble the pathways
observed in a study of an abstract model of a forced nonlinear
oscillator.15
The next amplitude maps for the “master-slave” model
strongly resemble those of the full simulation, as we see
in Fig. 7. The small amplitude oscillator 1 exhibits similar
extended aperiodic trajectories in both simulations, whereas
the slightly blurred trajectory of the large amplitude oscillator
2 in the full system appears as a single point (periodic trajectory) in the “master-slave” scenario [see Fig. 7(d)]. The absence
of blurring in the next-amplitude map for the “master-slave”
model suggests that its presence in the large amplitude oscillator 2 in the reciprocally coupled system results from the drag
it experiences from the chaotic oscillator 1.
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(c)

(e)

FIG. 8. Time series showing period doubling sequence to chaos with decreasing β for the “master-slave” system. Parameters: a = 6.54, du = 0.00081, and dv = 0.0018.
Initial conditions: (u1 , v1 ) = (0.63, 2.82) and (u2 , v2 ) = (3.27, 2.70). (a) Period 2 at β = 0.01394. (b) Period 4 at β = 0.01393. (c) Period 8 at β = 0.01379. (d) Period 16
at β = 0.01377. (e) Chaos at β = 0.013527.

The “master-slave” model shows a well-developed period
doubling sequence as β is decreased. We observe periods 2,
4, 8, 16, and finally chaos at β = 0.01394, β = 0.01393, β =
0.01379, β = 0.01377, and β = 0.013527, respectively. Thus, the
asymmetrically coupled “master-slave” model clearly demonstrates chaos in one oscillator and periodicity in the other,
features that are retained but slightly distorted in the chimera
state of the reciprocally coupled full system. Unlike the reciprocally coupled system, we observe period doubling and chaos
as β is decreased, as shown in Fig. 8.
A region of banded chaos appears around β = 0.01375.
It consists of a strange attractor partitioned into a band-like
structure as shown by the phase portrait and the next amplitude map in Fig. 9. This type of chaos has been reported in
studies of a periodically forced van der Pol oscillator16 and of
MEMS resonators.17

Chaos 29, 013131 (2019); doi: 10.1063/1.5060959
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Tables II and III show some results for the “master-slave”
model. In Table II, we follow the transition from synchronized in-phase large amplitude oscillation to reverse canard
explosion with biperiodicity for oscillator 1 followed by triperiodic oscillations and then chaos. Tables I and II are similar
in the way oscillator 1 goes through in-phase large amplitude oscillation with oscillator 2, reverse canard explosion,
and triperiodic oscillations before chaos and then transitioning to in-phase large amplitude oscillations with oscillator 2.
Table II lacks the antiphase oscillations observed in Table I but
has the biperiodic oscillation shown in Table III.

C. One-way forcing
We also examined an uncoupled forced LE system using
a sine function for the forcing. The equations for the time
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(b)

FIG. 9. Banded chaos observed in the “master-slave” model. Parameters used are a = 6.54, dv = 0.0018, du = 0.00081, and β = 0.01375. Initial conditions: (u1 , v1 ) =
(0.63, 2.82) and (u2 , v2 ) = (3.27, 2.70). Both plots obtained from t = 95 000 to t = 100 000. (a) Phase portrait. (b) Next-amplitude map.

evolution are shown below
4uv
A
du
=a−u−
+ sin(z) + φ,
dt
1 + u2
2

(5)

β = 0.01401, and β = 0.01380, respectively, as well as another
period-doubling cascade with increasing β at lower values of β
as shown in Figs. 1(i) and 1(h), respectively. The phase portraits
for the former are shown in Fig. 11.


uv  A
dv
+ sin(z) + φ,
=β u−
dt
1 + u2
2

(6)

D. Lyapunov exponents

dz
= ω,
dt

(7)

where A is the amplitude of the forcing, ω is the forcing
frequency, defined as ω = 2π/T, where T is the period, and
φ is an offset that ensures that the concentrations never
become negative. The results of simulating Eqs. (5)–(7) resemble the behavior of the chaotic oscillator 1 in the “masterslave” model and the reciprocally coupled full system. This
uncoupled forced LE system also shows a period doubling cascade (Fig. 10) for decreasing β with periods 1, 2, 4, 8, 16, and
chaos for β = 0.01470, β = 0.01420, β = 0.01410, β = 0.01402,

To further characterize the above three systems, we computed the Lyapunov exponents λ for each of them. For the
reciprocally coupled oscillators, we performed the calculation by using the same initial conditions and parameters as
in Fig. 2 but with β = 0.011610. The Lyapunov exponents calculated using Wolf’s algorithm18 are λ1 = 5.9707 × 10−3 , λ2 =
−6.6000 × 10−5 , λ3 = −3.0408 × 10−2 , and λ4 = −1.0510. We
obtain one positive exponent, which corresponds to the
spread of trajectories on the chaotic attractor, and another
that is essentially zero, corresponding to motion along the
TABLE III. Period doubling sequence leading to chaos in the
“master-slave” model.

TABLE II. Some transitions observed in the “master-slave” model.
Case
Case
1
2
3
4
5
6

β

Peaks/period
osc. 1

Comments

0.0001–0.00438
0.00439–0.00700
0.00701–0.01165
0.01166–0.01170
0.01171–0.01236
0.01319–0.01336

1
2
3
Multi
Chaos
1

In-phase
Reverse canard
...
Complex periodicity
...
Canard-like

Chaos 29, 013131 (2019); doi: 10.1063/1.5060959
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1
2
3
4
5
6
7
8

β

Peaks/period osc. 1

Comments

0.01354–0.01374
0.01375
0.01376
0.01377
0.01378–0.01379
0.01380–0.01393
0.01394–0.01437
0.01438–0.01440

Chaos
Banded chaos
24
16
8
4
2
Chaos

...
...
...
...
...
...
...
...
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(a)

(b)

(c)

(d)

(e)

(f)

FIG. 10. Time series showing period doubling sequence to chaos with decreasing β for the uncoupled forced system. Initial condition is (u, v) = (0.63, 2.87). Parameters:
a = 6.54, A = 7.6947 × 10−4 , T = 50 and φ = 3.40 × 10−4 . (a) Period 1 at β = 0.01470. (b) Period 2 at β = 0.01420. (c) Period 4 at β = 0.01410. (d) Period 8 at
β = 0.01402. (e) Period 16 at β = 0.01401. (f) Chaos at β = 0.01380.

attractor. The “master-slave” model gives λ1 = 6.8200 × 10−3 ,
λ2 = −6.4000 × 10−5 , λ3 = −9.9604 × 10−2 , and λ4 = −0.9082
with the parameters and initial conditions of Fig. 7(c). The
Lyapunov exponents from the uncoupled forced system are
λ1 = 8.020 × 10−3 , λ2 = 0.000000, and λ3 = −0.196847 with
parameters as in Fig. 11(f) and initial conditions (u, v, z) =
(0.63, 2.82, 1 × 10−6 ).

series y1 , . . . , yn is defined as

As an additional characterization, we calculated the autocorrelation functions [Fig. 12(a)] for the chaotic oscillator 1,
the slightly or almost periodic oscillator 2 and the uncoupled oscillator. The autocorrelation function of lag k for a time

Chaos 29, 013131 (2019); doi: 10.1063/1.5060959
Published under license by AIP Publishing.

(8)

n−k
1 X
(yi − ȳ)(yi+k − ȳ),
n i=1

(9)

where
ck =

ȳ =

E. Autocorrelation function

ck
,
c0

rk =

n
1 X
yi
n i=1

(10)

and c0 is the sample variance of the time series.
We observe that the coupled chaotic oscillator 1 in
Fig. 12(a) has an autocorrelation function that decays more
rapidly and behaves more irregularly than the autocorrelation
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(a)

(b)

(c)

(d)

(e)

(f)

FIG. 11. Phase portraits of the uncoupled forced LE system obtained from numerical integration show period doubling cascades. Each plot is from t = 90 000 to t = 100 000.
Initial condition is (u, v) = (0.63, 2.87). Parameters: a = 6.54, A = 7.6947 × 10−4 , T = 50, and φ = 3.40 × 10−4 . u and v-nullclines in green and dark yellow, respectively.
(a) Period 1 with β = 0.01470. (b) Period 2 with β = 0.01420. (c) Period 4 with β = 0.01410. (d) Period 8 with β = 0.01402. (e) Period 16 with β = 0.01401. (f) Chaos
with β = 0.01380.

(a)

(b)

(c)

FIG. 12. Autocorrelation functions (ACFs) obtained from numerical integration using data from t = 9 × 104 to t = 1 × 105 . Parameters are a = 6.54, β = 0.0116 for both
coupled and uncoupled LE systems with dv = 0.00081 and du = 0.0018 for the coupled LE system. Initial conditions: (u1 , v1 ) = (0.63, 2.82) and (u2 , v2 ) = (3.27, 2.70).
The initial condition for the uncoupled oscillator is (u, v) = (0.63, 2.82) (a) Oscillator 1 (chaotic). (b) Oscillator 2 (nearly periodic). (c) Uncoupled oscillator (periodic).
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functions of the nearly periodic coupled oscillator 2 [Fig. 12(b)]
and the uncoupled oscillator [Fig. 12(c)].

III. DISCUSSION AND CONCLUSIONS
In the 17th century, Christiaan Huygens, while observing two pendulum clocks supported by a beam, noticed that
they can synchronize either in-phase or antiphase.19 Whereas
early investigators considered only in-phase and out-of-phase
behaviors, studies of phenomena like oscillator death and
chimeras, in which coupled oscillators can also coexist with
stationary or chaotic neighbors, only came much later. The
chimeric state offers the possibility of gaining insight into
such natural phenomena as the ability of certain mammals to
shut down activity in one hemisphere of the brain while the
other is active during sleep.20 Most investigations of chimeras
involve large arrays of coupled oscillators. The studies presented here show that a chimeric state can exist with as few
as two coupled oscillators. Bick et al.21 showed that a system containing two populations of coupled oscillators, with
as few as two oscillators in each population, can display two
different modes of chaotic behavior. Kapitaniak et al.11,22 have
studied small chimeras arising via a quite different mechanism
in systems consisting of three globally coupled oscillators, and
other authors23,24 have recently investigated chimeric behavior
in systems with small numbers of oscillators.
The canard explosion found in the uncoupled single LE
oscillator is quite close in parameter space to the bifurcation
leading to the chimera in the coupled and forced systems.
Studies of globally coupled oscillators25,26 have found a transition from fully synchronized behavior to formation of two
clusters: one consisting of a subset of in-phase, periodic,
large-amplitude oscillators and the other containing a subset
of in-phase, periodic small-amplitude oscillators, via a canard
explosion. The “master-slave” and the uncoupled forced models demonstrate that periodic forcing of a periodic oscillator
can result in chaotic dynamics. These observations lead us
to speculate that, in a system of coupled canard-containing
oscillators, in the neighborhood of the canard explosion a
spontaneous transition may occur to a state in which a subset is pushed to the smaller cycle and becomes “slaved” to
the subset that remains on the larger cycle. As a result, the
periodic forcing exerted by the large-amplitude oscillator set
on the small-amplitude one has a much greater effect than
the opposite case. This asymmetry can generate chimeric or
other complex dynamical states, where the large-amplitude
oscillator(s) follow(s) an essentially unaltered single-oscillator
dynamics, while the small-amplitude oscillator(s) behave(s) as
if subject to a periodic forcing. Examination of other model
oscillators that exhibit canards and of larger sets of LE oscillators would allow one to test this hypothesis. The behavior
observed in our two-oscillator system resembles that seen
in chimera states in some larger ensembles of oscillators,
where a large amplitude, coherent cluster experiences relatively small fluctuations due to its coupling to a smaller
amplitude, incoherent cluster that behaves as if forced by the
coherent one.9,27,28
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IV. NUMERICAL METHODS
Numerical simulations were carried out using MATLAB
ode solver 113 for ODEs with absolute and relative tolerances
of 1 × 10−9 and 1 × 10−12 , respectively. Simulations of all the
plots were done with a time span of 1 × 105 . Analysis of the
results was performed after eliminating initial transients.
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