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The periodically forced Brusselator model displays temporal mixed-mode and quasiperiodic oscillations, period doubling, and chaos. We explore the behavior of such media as reaction-diffusion
systems for investigating spiral instabilities. Besides near-core breakup and far-field breakup resulting from unstable modes in the radial direction or Doppler-induced instability 共destabilization of the
core’s location兲, the observed complex phenomena include backfiring, spiral regeneration, and
amplitude modulation from line defects. Amplitude modulation of spirals can evolve to chambered
spirals resembling those found in nature, such as pine cones and sunflowers. When the forcing
amplitude is increased, the spiral-tip meander evolves from simple rotation to complex petals,
corresponding to transformation of the local dynamics from simple oscillations to mixed-mode,
period-2, and quasiperiodic oscillations. The number of petals is related to the complexity of the
mixed-mode oscillations. Spiral turbulence, standing waves, and homogeneous synchronization
permeate the entire system when the forcing amplitude is further increased. © 2009 American
Institute of Physics. 关DOI: 10.1063/1.3224031兴
Periodic forcing of a spatially distributed chemical oscillator can lead to complex pattern formation. When that
oscillator can itself undergo complex temporal behavior
such as mixed-mode or quasiperiodic oscillation, the
range of possible spatiotemporal phenomena expands
considerably. A model reaction-diffusion system based on
the classic Brusselator with external forcing gives rise to
a variety of scenarios for spiral tip motion and spiral
breakup, yielding, for example, spiral tip trajectories
consisting of multiple petals and chambered spirals with
structures resembling pine cones.
I. INTRODUCTION

Rotating spiral waves are ubiquitous in nature and are
found in a wide range of chemical1–4 and biological5–7 systems. Investigators in several fields have sought to elucidate
generic principles that govern the generation, evolution, and
stability of spiral waves. Most of these earlier studies have
focused on spiral waves that form in either excitable or
simple 共period-1兲 oscillatory media. Fascinating exceptions
may be found in studies of the Willamowski–Rössler
reaction-diffusion model8,9 and the Belouzov–Zhabotinsky
共BZ兲 reaction-diffusion system10 in period-2 media, where
initially regular spiral waves give rise to line-defect spirals
and line-defect-mediated turbulence. To further explore the
effects of complex oscillatory states on spiral waves, one
might consider forced or coupled oscillatory systems11 as
sources of complex oscillations. In this work, we employ a
periodically forced oscillator to explore complex spiral
waves and their instabilities. The periodically forced Brusselator, first studied by Tomita and co-workers,12–14 who
found a small chaotic region and many periodic “bubbles”
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共resonance tongues兲, is obtained by adding a periodic driving
to the Brusselator. The forced system displays a rich variety
of dynamical responses, including quasiperiodic oscillations,
frequency locking 共mixed-mode oscillations兲, and period
doubling leading to chaos.
As in the homogenous system, the local dynamics of
spiral waves in a reaction-diffusion medium with a periodically forced oscillatory reaction can also display various
modes of complex oscillation and chaos. This behavior has a
profound effect on the structure and stability of the spiral
waves. In a spatially extended oscillatory system, Lin et al.15
identified several resonance regions in the forcing frequencyforcing amplitude parameter plane in the periodically forced
photosensitive BZ system. Standing waves,15,16 multiphase
spirals,15,17 and resonant period doubling18 were obtained in
both BZ experiments and model simulations. Standing waves
could be maintained only above a critical forcing intensity.16
The stationary front of standing waves was replaced by an
Ising–Bloch bifurcation at lower forcing intensities.19 Previous studies in periodically forced spiral-forming oscillatory
systems have not explored possible instability routes of
simple spirals by gradually increasing the forcing intensity
from zero, which forms the subject of this paper.
The spiral tip, from which the waves emerge, can be
stationary in space or can “meander” through the medium.
The trajectory of the meandering tip can be manipulated by
external control through periodic forcing. Entrainment and
resonance behavior in such tip meandering have been investigated in experiments and in model simulations.20–24 In this
paper we also study spiral instability, period-2-tip, and petaltip movement and their relation to the local dynamics in
media exhibiting complex oscillations.
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II. MODEL

To study the spiral breakup dynamics, we employ the
Brusselator reaction-diffusion model,25 in which the autonomous system 共␥ = 0兲 possesses a single uniform steady state.
An external global periodic forcing of frequency  f and amplitude ␥ is added to the variable u in order to study the
dynamic interactions between the motion of the spiral tip and
the local dynamics,

u
= a共1 + ␥ cos共 f t兲兲 − 共b + 1兲u + u2v + Dⵜ2u,
t

共1兲

v
= bu − u2v + Dⵜ2v .
t

共2兲

In Eqs. 共1兲 and 共2兲, a and b are constraint parameters, and u
and v are the variable concentrations, whose common diffusion coefficient is D. For the unforced Brusselator, a Hopf
2
bifurcation occurs at bH
c = 1 + a . Homogeneous oscillations
H
are generated when b ⬎ bc . Here we consider the situation
when the unforced system lies in the regime of self-sustained
Hopf oscillation. We employ parameters a = 0.4, b = 1.4,
D = 1 ⫻ 10−6 cm2 / s, for which the unforced system has a
stable limit cycle with natural frequency 0 = 0.28
共period= 22.26 s兲. We use a time step ⌬t = 0.02 and grid
spacing ⌬x = ⌬y = 0.0018 on square spatial grids of 513⫻ 513
and 1025⫻ 1025 nodes.
The partial differential equations 共1兲 and 共2兲 were integrated with an explicit Euler method, where the Laplace operator was approximated with five nearest neighbor sites.
Both periodic and zero-flux boundary conditions were investigated. Using an explicit fourth-order Runge–Kutta algorithm produced no significant difference in the calculated
spatiotemporal behavior. We also obtained the same results
when the space and time steps were reduced. An initial spiral
wave was generated by a perturbation of the homogeneous
steady state 共u = a, v = b / a, and ␥ = 0兲 consisting of imposed
gradients in u and v on a square of side 20 centered at the
origin. After a stable state was established and characterized,
a small increment was made in ␥ or  f , with the spiral waves
obtained in the first simulation used as the initial condition
for the new simulation, unless breakup took place. The local
dynamic time series below is taken from the points labeled in
the figure captions.

FIG. 1. 共Color兲 Near-core spiral instability of spiral waves at  f = 0.3776. ␥
is increased from 0.04 to 0.05 at 共a兲 time= 0 s, 共b兲 time= 5.6⫻ 102 s,
共c兲 time= 1.22⫻ 103 s, and 共d兲 time= 2.0⫻ 103 s. Other parameters: a = 0.4,
b = 1.4, D = 1 ⫻ 10−6 cm2 / s. The color bars show the concentration of variable u with blue corresponding to low concentration. The system is divided
into 513⫻ 513 grid points.

Figs. 1 and 2 is caused by radially unstable modes 共Eckhaus
instability兲 or meandering-induced instability, which can be
analyzed by spiral spectra.26,27 The near-core breakup was
experimentally observed by Belmonte et al.28 in the BZ reaction when a periodic external forcing was added and the
ratio of the spiral-rotation period to that of the forcing was

III. RESULTS AND DISCUSSION

We first generate a steady spiral wave by perturbing the
homogeneous unforced system, i.e., u = a = 0.4, v = b / a = 3.5,
␥ = 0. Spatially uniform oscillations and simple rotating spirals can be obtained; moreover the tip of the spiral moves on
a circle.
The periodically forced reaction-diffusion system gives
rise to the five scenarios of spiral instability shown in Figs.
1–5: near-core breakup, far-field breakup, homogenous synchronization, line defects, and backfiring, respectively. In
each case, as the forcing amplitude increases, the tip movement bifurcates to two-frequency and then three-frequency
meandering,22 and the amplitude of the tip meandering
grows and then becomes irregular. The spiral breakup in

FIG. 2. 共Color兲 Far-field instability of spiral waves at  f = 0.7400. ␥ is
increased from 0.08 to 0.09 at 共a兲 time= 0 s, 共b兲 time= 1.4⫻ 102 s, 共c兲
time= 1.0⫻ 103 s, and 共d兲 time= 2.0⫻ 103 s. 关共e兲–共g兲兴 Trajectories of the
spiral tip when ␥ = 0.06, ␥ = 0.07, and ␥ = 0.08, respectively. All other parameters as in Fig. 1.
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FIG. 3. 共Color兲 Spiral waves demonstrating arm-rupture, homogenous synchronization to reorganization at  f = 0.8400. ␥ is increased from 0.09 to
0.10 at 共a兲 t = 0 s, 共b兲 t = 9.6⫻ 102 s, 共c兲 t = 2.04⫻ 103 s, 共d兲 t = 3.36
⫻ 103 s, and 共e兲 t = 1.2⫻ 104 s. 共f兲 Concentration profile along a cross section of 共e兲 that passes through the spiral tip. 共g兲 Local time series at point h
共250, 500兲 in 共c兲. 关共h兲 and 共i兲兴 Phase portraits during two different time
periods in 共g兲. 关共j兲 and 共k兲兴 Time series corresponding to 共h兲 and 共i兲, respectively. The system is divided into 1025⫻ 1025 grid points. All other parameters as in Fig. 1.
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close to 3/2, which is near our simulation parameter
共 f / 0 = 1.34兲 in Fig. 1.
Figure 3 presents a sequence of snapshots illustrating
arm rupture followed by homogenous resynchronization, resulting in spiral regeneration. An increase in the forcing amplitude from ␥ = 0.09 to ␥ = 0.10 causes the initial arm rupture
关Fig. 3共b兲兴, which then heals itself via homogenous synchronization 关Figs. 3共c兲 and 3共d兲兴. Ultimately, the inner spirals
occupy the entire space 关Fig. 3共e兲兴. Note that in Fig. 3共f兲
there are two amplitude spatiomodulations in each spiral
arm. This phenomenon implies that the rupture results from
the imperfect match between the inner spirals formed with
␥ = 0.10 and the older outer spirals formed with ␥ = 0.09. A
local time series during homogenous synchronization is
tracked in Fig. 3共j兲. Phase-locked 12 mixed-mode oscillations
transiently appear during the homogeneity synchronization.
In other time intervals the local dynamics shows quasiperiodic oscillations 关Figs. 3共h兲–3共k兲兴.
We find a pine conelike structure evolving from a simple
spiral in Fig. 4. As ␥ is increased to 0.09 step by step, the
tip-meandering pattern includes approximately three petals
per cycle, becoming bigger and more irregular at higher ␥.
Five line defects initially form in Fig. 4共c兲, and more surprisingly, the tip meandering leads to a fragmented spiral partitioned by the five line defects into three subspirals. One can
identify either clockwise or anticlockwise spirals as in the
pine cone displayed in Fig. 4共d兲. The phenomenon of three
subspirals requires that  f / 0 be close to three, which results
in the tip meandering as three petals per orbit.
Spiral breakup caused by backfiring can be seen in Fig.
5. One spiral arm first thickens in Fig. 5共b兲, followed by the
arm-splitting process shown in Fig. 5共c兲. As time continues,
the backfiring spiral fragment collides with the neighboring
spiral arm, and finally spiral breakup ensues. The periodically forced system shows 14 mixed-mode oscillations.
Backfiring has been found in an excitable Bar–Eiswirth
model,29 from the spectra of a saddle-node bifurcation,30 and
in the oscillatory Decroly–Goldbeter model31 displaying local mixed-mode oscillations. The backfiring instability thus
appears to be associated with saddle-node or saddle-loop dynamics.
As seen in Fig. 6, the tip-meandering patterns exhibit
inward petals that differ from the patterns usually observed.22
The circles and petals both rotate anticlockwise. As ␥ increases, the radius of the orbit grows. At ␥ = 0 and 0.06 in
Figs. 6共a兲 and 6共b兲, the observed circular and banded tip
meanderings correspond to local dynamics of simple oscillations and quasiperiodic oscillations, respectively. When the
forcing amplitude reaches ␥ = 0.10 in Fig. 6共c1兲, the petals
become phase locked and the banding disappears. The corresponding local time series in Fig. 6共c2兲 reveals period-2
oscillations. When the forcing amplitude is further increased,
the banding reappears 关Fig. 6共d兲兴.
More detailed investigation of the relation between tip
movement and local dynamics, seen in Figs. 7共a兲 and 7共b兲,
indicates that seven petals and six petals constitute the tipmeandering period-2 motion of Fig. 6共c1兲, i.e., each period-2
oscillation corresponds to two cycles of tip movement. The
petals correspond to the small peaks on the large amplitude
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FIG. 4. 共Color兲 Pine conelike spirals in the forced system at  f = 0.7552. ␥ increases from 0.08 to 0.09. 共a兲 Trajectory of the spiral tip. 共b兲 Three-dimensional
snapshot of spiral at t = 2.16⫻ 103 s. 共c兲 Two-dimensional rendering of 共b兲. 共d兲 Photograph of a pine cone. All other parameters as in Fig. 1.

oscillations of Fig. 7共c兲, which arise from the forcing frequency. The number of small peaks per period visible in Fig.
7共c兲 is less than the number of petals per large oscillation,
because some small peaks are hidden under larger amplitude
peaks.
In Fig. 8, we show a phase diagram in the  f / 0 − ␥
plane. Three regions are seen. Regions I and II display spirals with different strength tip meanderings. Sickle-shaped

FIG. 5. 共Color兲 Arm splitting and backfiring of spiral waves at  f = 1.1328.
␥ increases from 0.14 to 0.15 at 共a兲 t = 28 s, 共b兲 t = 104 s, 共c兲 t = 110 s, and
共d兲 t = 120 s. All other parameters as in Fig. 1.

FIG. 6. Tip meandering and local complex oscillations at  f = 1.8880. Panels 共a1兲–共d1兲 are trajectories of the spiral tip and 共a2兲–共d2兲 are the corresponding local time series at point 共250, 250兲. 共a1兲 ␥ = 0, 共b1兲 ␥ = 0.06, 共c1兲
␥ = 0.10, 共d1兲 ␥ = 0.14. All other parameters as in Fig. 1.
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FIG. 8.  f / 0-␥ phase diagram. Frequency-locked 共resonant兲 dynamics appears at line with black dots. Spiral breakup or homogenous synchronization
occurs above the line with black triangles. I and II are regions of different
tip meandering as shown in the figure. III is region of spiral turbulence or
homogenous synchronization. Solid hexagons indicate arm splitting and
backfiring spirals. Triangles and squares denote angular amplitudemodulation 共pine conelike兲 spirals and arm-reorganized spirals, respectively.

petals of tip meandering appear in much of region II, especially at high  f / 0. Along the resonant line, the local dynamics becomes frequency locked to periodic oscillations.
As the system crosses the breakup line, spirals lose stability
according to various scenarios shown in Figs. 1–5, and the
system exhibits spiral turbulence or homogeneous synchronization in region III. Standing waves have been reported in
both experiments and model simulations.16,17,32,33 Below the
breakup line of region II, we find complex spirals such as
radial amplitude-modulation 共arm splitting and backfiring兲
spirals at  f / 0 ⬍ 1.0 or  f / 0 ⬎ 3.0, and angular amplitudemodulation 共pine conelike兲 and arm-reorganized spirals for
 f / 0 in the range of 1.0–3.0.

mixed-mode, period-doubling, or quasiperiodic oscillations,
such spatial phenomena as line defects,8–10,39 nodes with arm
splitting and backfiring,31 and “overtargets”40 in spiral evolution have been reported. The former phenomena belong to
the class of instabilities of wavelength modulation, whereas
the latter results from amplitude modulation. Both types of
spiral instabilities can be displayed in media with periodically forced oscillations; moreover, tip meandering is associated with complex oscillations of the system. This study
demonstrates a rich set of spiral instabilities—near-core, farfield, homogenous synchronization, line defects, and
backfiring—in media with periodically forced oscillations
via enhanced tip meandering on increasing the forcing amplitude. In addition to wavelength modulation and amplitude
modulation of spirals, twisted spiral waves, resulting from
phase-wave reversal, are also predicted for periodically
forced oscillatory reaction-diffusion media described by the
complex Ginzburg–Landau equation.41 The periodically
forced oscillations, in our case the periodically forced Brusselator, produce a variety of complex oscillations and chaos,
resulting in amplitude modulation of traveling waves. Complex spirals resembling those that arise from amplitude
modulation frequently appear in nature in such objects as
pine cones, cauliflower, nautilus shells, and even galaxies.
Further investigation of spirals and their stability in media
with complex dynamics offers promise for understanding
pattern formation in biological development and natural evolution.

IV. SUMMARY
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