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The BrO3--SO32--Fe(CN)64- (BSF) pH-oscillatory system is coupled to the Al(OH)3 precipitation equilibrium
(BSFA system) and studied in a stirred flow reactor. The dynamic behavior of the BSFA system differs
significantly from that of the BSF system. In addition to the large-amplitude pH oscillations found in the
BSF system, new small-amplitude and mixed-mode oscillations occur. A detailed mechanism of the BSFA
system is developed and investigated.
Introduction

Experimental Section
1

+

The family of pH oscillators in which H serves as the
autocatalytic activator species is of considerable interest because
of potential applications such as artificial muscles,2-4 controlled
drug-delivery systems,5 and DNA-based nanodevices.6,7 One pH
oscillator, the Fe(CN)64--IO3--SO32- system, exhibits dissipative patterns (breathing spots,8 shrinking rings and spirals,9
self-replicating spots,10-12 and stationary lamellar patterns13) in
a continuously fed unstirred reactor (CFUR). These experimental
observations suggest the possibility of finding analogous, or even
new, patterns in other pH-oscillatory systems.
A method was recently developed14 to couple a pH oscillator
with complexation and precipitation equilibrium reactions to
induce oscillations in the concentration of a previously nonoscillatory metal or halogen ion. In this way, periodic changes in,
for example, the Al3+ or Ca2+ concentration can be generated.
Because Ca2+ is widespread in biological systems, the coupling
of a pH oscillator with Ca2+ might have important applications.15
Connecting pH oscillations with precipitation equilibria offers
the possibility of pattern formation in reaction-diffusion
systems arising from a new mechanism, the state dependence
of diffusion coefficients. Indeed, the production and dissolution
of a precipitate at different pHs can significantly change the
diffusion of species in a system incorporated into a gel matrix.
Herein, we report our results on the bromate-sulfiteferrocyanide (BSF) system, which we couple to the Al(OH)3
precipitation equilibrium. The BSF system was created by a
systematic design algorithm for pH oscillators and shows largeamplitude periodic changes in pH in a continuously stirred tank
reactor (CSTR) over a wide range of experimental conditions.16
Adding Al3+ to the BSF system can generate periodic oscillations in the concentration of Al3+ ions as a result of the pHdependent precipitation reaction17,18

Al3++3OH-TAl(OH)3

(1)

Reaction 1 can significantly change the dynamic behavior of
the original pH-oscillatory system, depending on the concentration of Al3+ added. In some cases, Al3+ can induce or suppress
pH oscillations. The dynamical behavior of the BSF-Al3+
(BSFA) system and the mechanism of its oscillations are the
subject of this paper.
* To whom correspondence should be addressed. E-mail: epstein@
brandeis.edu.

The CSTR consisted of a cylindrical water-jacketed Teflon
reactor with two glass windows on opposite walls of the reactor.
The volume (V0) of the reactor was 22 mL. A Haake thermostat
was used to maintain a constant temperature during experiments.
The stock solutions were prepared from reagent-grade NaBrO3,
K4[Fe(CN)6], Na2SO3, H2SO4 and Al(NO3)3 (Fisher) without
further purification. The Fe(CN)64- solution was prepared one
day in advance, refrigerated overnight, and kept in the dark
during experiments because of its light sensitivity. Sulfite
solutions were used within 3 h of preparation to avoid oxidation
to sulfate. The stock solutions were flowed into the reactor by
two Gilson peristaltic pumps. The excess solution from the
reactor was removed with an aspirator pump. The pH was
measured with a combined glass electrode and a pH meter
connected to a personal computer. The intensity of transmitted
light through the reactor at wavelengths λ g 570 nm was
measured with a TIA-525 optical receiver, which is an opticalto-electrical converter. This wavelength range allowed us to
monitor optical changes related to the Al(OH)3 precipitate,
because Fe(CN)64- has negligible absorption above 570 nm.
Dynamic light scattering experiments were performed with a
DynaPro instrument (Protein Solutions, High Wycombe, U.K.).
Numerical integration of the ordinary differential equations
(ODEs) was performed using the package XPPAUT.19 The
method of integration was STIFF, and the tolerance was
typically set at 10-5.
Results
Experiments. We first carried out experiments on the BSF
system without Al(NO3)3 to generate “reference” oscillations
and parametric (bifurcation) diagrams for comparison with the
BSFA system. A bifurcation diagram in the k0-[Fe(CN)46-]0
plane, where k0-1 ) V0/V is the residence time of the reactor
and V is the flow rate, is shown in Figure 1a. The plot exhibits
the classical cross-shaped form, as expected from previous
results on this system.16 Our experiments were carried out at
28 and 26.5 °C. At 28 °C, the oscillatory region is wider, but
the lower temperature, 26.5 °C, provides better conditions for
studying the new small-amplitude oscillations that occur in the
BSFA system. The large-amplitude oscillations, characteristic
of the BSF system, are much less sensitive to small changes in
temperature. As shown in Figure 1a, oscillations in the BSF
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Figure 1. (a) Cross-shaped phase diagram in the k0-[Fe(CN)64-]0
parametric plane for the BrO3--SO32--Fe(CN)64- system at [BrO3-]0
) 0.059 M, [SO32-]0 ) 0.082 M, [H+]0 ) 0.022 M, and T ) 28 °C.
Symbols: ([) SS1, steady-state pH ≈ 3; (2) SS2, steady-state pH ≈
6.4; (O) OSC, large-amplitude oscillations (between pH 3 and pH 6.5);
(+) BS, bistability between two steady states. (b) pH oscillations at
the same conditions as in a with [Fe(CN)64-]0 ) 0.015 M and k0 )
3.15 × 10-3 s-1.

system occur for [Fe(CN)64-]0 g fcr () 0.017 M for our chosen
concentrations of BrO3- and SO32-), whereas the bistability
region lies at [Fe(CN)64-]0 < fcr. In the oscillatory region,
regular, large-amplitude pH oscillations occur between pH 3
and pH 6.7 (Figure 1b) with the same shape as reported
previously.16
The dynamic behavior of the BSF system changes if even a
small amount of Al3+ [in the form of Al(NO3)3] is added. Typical
examples of three different types of oscillations found in the
BSFA system are presented in Figure 2. These are regular, largeamplitude oscillations (Figure 2a) like those in the reference
system, mixed-mode oscillations (MMOs) (Figure 2b), and
small-amplitude oscillations (Figure 2c). One period of MMO
consists of one large-amplitude oscillation (1L) and n () 1, 2,
3,...) small-amplitude oscillations (nS). In Figure 2b, we see an
initial irregular transient behavior followed by (1L + 1S)
oscillations.
Figure 3 demonstrates the dynamical behavior of the system
in several parametric planes. All of these bifurcation diagrams
have a cross-shaped form. The diagram in the k0-[Fe(CN)46-]0
plane (Figure 3a) can be compared to the diagram in Figure 1a.
The oscillatory and bistability regions for the BSFA system are
slightly shifted to higher values of k0 relative to those for the
BSF system. In the oscillatory region, new small-amplitude and
mixed-mode oscillations emerge between the regions of lowpH steady state (SS) and large-amplitude oscillations.
The initial concentration of Al3+ ([Al3+]0) has a significant
effect on the system, as seen in the k0-[Al3+]0 plane (Figure
3b). An increase in [Al3+]0 leads to the disappearance of the
small-amplitude oscillations and a shift of the large-amplitude
pH oscillations to higher flow rates. The range of k0 in which
oscillations occur narrows, and the bistability region lies at
higher [Al3+]0 and k0.
Figure 3c shows the [Al3+]0-[Fe(CN)64-]0 parameter plane.
At lower [Al3+]0 and higher initial ferrocyanide concentration
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Figure 2. Oscillations in pH and transmittance (Τ) (arbitrary units) in
CSTR experiments. [BrO3-]0 ) 0.059 M; [SO32-]0 ) 0.082 M; [H+]0
) 0.022 M; [Fe(CN)64-]0 ) 0.0017 M; T ) 26.5 °C; and k0/s-1 ) (a)
0.0047, (b) 0.00286, (c) 0.0025.

([Fe(CN)64-]0), only the high-pH SS can be observed. The
oscillatory region, including large-amplitude, mixed mode, and
small-amplitude pH oscillations, emerges at higher [Al3+]0, and
the low-pH SS region lies at still greater [Al3+]0 or at lower
[Fe(CN)64-]0. At the boundary between the oscillatory and lowpH SS regions, a new bistability regime (marked by the asterisks
in Figure 3c) between small-amplitude oscillations and the lowpH SS can be seen. This bistability indicates a subcritical Hopf
bifurcation. At small [Fe(CN)64-]0 (<0.01 M) and small [Al3+]0
(<0.0018 M), bistability between the low- and high-pH steady
states occurs.
To demonstrate the quantitative changes in pH that correspond
to the qualitative changes in the dynamical behavior of the
BSFA system, we present two bifurcation diagrams in Figure
4. In Figure 4a, which represents a cross section of the
oscillatory regions in the k0-[Fe(CN)46-]0 (Figure 3a) or
k0-[Al3+]0 (Figure 3b) plane, with increasing k0, we see an
increase in the pH of the low-pH SS1, followed by the onset of
first small-amplitude and then large-amplitude oscillations, and
finally the high-pH SS2. This figure demonstrates the sharp jump
in the amplitude of pH oscillations between the small- and largeamplitude oscillations.
In Figure 4b, which corresponds to a cross section of the
diagram shown in Figure 3b at the “cross point”, [Al3+]0 )
0.0069 M, we see that an increase in k0 leads to a rise in the
pH of the low-pH SS (up to pH ≈ 4.5) at relatively small k0 (as
in Figure 4a). Then, however, further increases in k0 do not
affect the steady-state pH over a remarkably wide range of k0
(from 4 × 10-3 to 1.4 × 10-2 s-1), until the system jumps to
the high-pH SS at k0 ≈ 1.4 × 10-2 s-1.
The small-amplitude oscillations are quite sensitive to temperature. Above 29.8 °C, oscillation ceases, and the system
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Figure 4. Bifurcation diagrams for the BSFA system. (a) [BrO3-]0 )
0.059 M, [SO32-]0 ) 0.082 M, [H+]0 ) 0.022 M, [Fe(CN)64-]0 ) 0.022
M, [Al3+]0 ) 0.0023 M, T ) 28 °C. OSC2, small-amplitude oscillations;
MMO, mixed-mode oscillations. Maximum and minimum of pH
oscillations are shown in the bifurcation diagram at each flow rate.
Symbols: (0) increasing k0, (9) decreasing k0. (b) Bifurcation diagram
showing the monostable system. Parameters correspond to the cross
section of the k0-[Al3+]0 diagram in Figure 3b at [Al3+]0 ) 0.0069 M.

Figure 3. Parametric diagrams for the BSFA system at T ) 26.5 °C.
(a) k0-[Fe(CN)64-]0 plane at [BrO3-]0 ) 0.059 M, [SO32-]0 ) 0.082
M, [H+]0 ) 0.022 M, [Al3+]0 ) 0.0023 M. (b) k0-[Al3+]0 plane at
[BrO3-]0 ) 0.059 M, [SO32-]0 ) 0.082 M, [H+]0 ) 0.022 M,
[Fe(CN)64-]0 ) 0.0017 M. (c) [Al3+]0-[Fe(CN)64-]0 plane at [BrO3-]0
) 0.0615 M, [SO32-]0 ) 0.072 M, [H+]0 ) 0.019 M, k0 ) 0.0026 s-1.
Symbols: ([) SS1, steady-state pH ≈ 3; (2) SS2, steady-state pH ≈
6.4; (+) BS1, bistability between SS1 and SS2; (]) OSC1, smallamplitude pH oscillations (pH 3.5-4.5); (0) MMO, mixed-mode
oscillations; (O) OSC2, large-amplitude oscillations (pH 3-6.5); (*)
BS2 bistability between small-amplitude oscillation (OSC1) and lowpH steady state.

Figure 5. Al(OH)3 particle size distribution. [SO32-] ) 0.3 M,
[Al(NO)3] ) 6 × 10-4 M, pH ) 4.0.

resides in the low-pH steady state (pH ≈ 4.6). If the temperature
is decreased, mixed-mode and large-amplitude oscillations can
be induced.
Although we do not study here the complexation and
precipitation of Al(OH)3 per se, we monitor the correlation
between the pH oscillations and Al(OH)3 precipitation via light
transmittance measurements. It is known that Al(OH)3 is
dissolved below pH 3.7 and precipitates at higher pH.20 Because
our pH oscillations have their maximum and minimum above
and below this pH value, respectively, periodic changes in
[Al(OH)3] (or more accurately, in transmittance) can be
observed, as shown in Figure 2. Where the pH has a maximum,
the transmittance has a minimum. In the case of large-amplitude
oscillations, the transmittance-time curves show that Al(OH)3
production can be more complex, because a secondary maximum also appears. The hydrolysis of aluminum in aqueous
systems has been investigated by many researchers in an attempt
to understand the complicated processes of polymerization and
precipitation of aluminum oxides and hydroxides. For example,

Bottero et al.21 and Packter et al.17,22 studied Al3+ hydrolysis
and found that it is possible to produce several crystalline forms
of Al(OH)3. With increasing particle size, amorphous, microcrystalline boehmite, and gibbsite forms of the precipitate can
be detected. These different types of Al(OH)3 might be
responsible for the secondary maximum in the transmittance
observed in our experiments. It is possible to obtain different
polymer structures as the pH changes, which might also
contribute to the appearance of the second maximum.
To assess the size of the precipitate Al(OH)3 particles, we
performed dynamic light scattering (DLS) experiments. A
typical distribution of particle sizes is shown in Figure 5 for a
sulfite solution at pH 4. We see two peaks at approximately R1
≈ 70 nm and R2 ≈ 200 nm. We also measured particle size
distributions in bromate and ferrocyanide solutions at pH 4 and
pH 5. These, too, were bimodal, but with slightly different
maxima R1 and R2. At higher pH, the particle size distributions
shift to higher values, as expected. The average particle size
increases with time. Larger particles (in the range of microme-
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TABLE 1: Model of the BrO3--SO32--Fe(CN)64--Al3+
Systema

3HSO3-+BrO3- f 3H++3SO42-+Brr2 ) k2[HSO3-][BrO3-] (2)
3H2SO3+BrO3- f 6H++3SO42-+Brr3 ) k3[H2SO3][BrO3-] (3)
6HFe(CN)63-+BrO3- f 6Fe(CN)63-+Br-+3H2O
r4 ) k4[HFe(CN)63-][BrO3-] (4)
Al(OH)2++OH- f Al(OH)3(s)
Al(OH)3(s)fAl(OH)2++OH-

r5

(5)

r6 ) k6 × Θ([Al(OH)3(s)])

(6)
Al3++2OH- a Al(OH)2+

KA

(7)

SO32-+H+ a HSO3-

KS1

(8)

HSO3-+H+ a H2SO3

KS2

(9)

SO42-+H+ a HSO4-

KSA

(10)

KF

(11)

Fe(CN)64-+H+ a HFe(CN)63OH-+H+ a H2O

Kw

(12)

6H2SO3 + BrO3- f 6H++3S2O62-+Br-+3H2O
k13 ) [H2SO3][BrO3-] (13)
a
Note: k2 ) 3.3 × 10-2 M-1 s-1 (this work), k3 ) 22 M-1 s-1,54
k4 ) 8.5 × 10-2 M-1 s-1 (this work), r5 ) k5[Al(OH)2+][OH-] ×
Θ([Al(OH)2+][OH-] - Kp), k5 ) 5 × 108 M-1 s-1 (this work), Kp
) 4.68 × 10-16 M2 for ain < 0.007 M and 4.68 × 10-15 M2 for ain
> 0.007 M,18,29,31 k6 ) Kpk5, k13 ) 0.70 M-1 s-1,24,25 Θ(x) ) 0 if x
e 0 and 1 if x > 0, KA ) 7.41 × 1017 M-2,18,29 KSA ) 87.1 M-1
(log KSA ) 1.94),54 KS1 ) 107 M-1 (log KS1 ) 7), KS2 ) 60 M-1
(log KS2 ) 1.78),24,25 KF ) 1667 M-1 (log KF ) 3.22),31 and Kw )
1014 M-2.

ters) are also present and can be seen through a microscope but
cannot be detected with our DLS apparatus.
Simulations. In Table 1, we summarize the reaction steps
and parameters that we used to simulate the BSFA system.
Before presenting the results, we discuss various aspects of our
model in more detail.

The reactions in our model can be grouped into four sets,
namely, positive feedback (reactions 2 and 3), negative feedback
(reaction 4), relatively slow reactions of precipitation and
dissolution of Al(OH)3 (reactions 5 and 6), and fast protonationdeprotonation equilibria (reactions 7-12). The slow reaction
(reaction 13), an alternative to reaction 3, is also taken into
account.
Two mechanisms for positive feedback in the BSF reaction
have been proposed in the literature.16,23 The first takes into
account only reaction 2 in Table 1, as well as a series of
reactions involving bromine species such as HOBr, Br2, Br-,
and HBrO2.16 The second is based on autocatalytic reaction 3
in Table 1, which can be rewritten to emphasize the autocatalysis
in H+ as

3H++3HSO3- + BrO3- f 6H++3SO42-+Br- (3m)
We believe that the second mechanism is more relevant.
Because the value of rate constant k2 was known only at 35
°C (0.0653 M-1 s-1),24,25 we performed our own experiments
on the reaction between sulfite and bromate to determine k2 at
25 °C. The result is given in the footnote to Table 1. In reaction
4 (which plays the role of a negative feedback),26,27 the
protonated form HFe(CN)63- reacts with BrO3- relatively
quickly, whereas the deprotonated form Fe(CN)64- is almost
unreactive. Reaction 4 is a complex reaction that consists of
several fast and slow steps,16,27 resulting in the rate law that
appears in Table 1.
To describe precipitation reaction 1, we split it into three
steps. The first is a rapid hydroxylation equilibrium (reaction
7). The second is the formation of the precipitate Al(OH)3(s)
(reaction 5), and the third is its dissolution (reaction 6). This
precipitate can occur in two forms, amorphous and crystalline
(gibbsite). The rate of precipitation contains two terms corresponding to nucleation and aggregation steps.28 Nucleation can
be described by a simple Heaviside function Θ(x), where x is
the difference between the concentration in solution,
[Al(OH)3(aq)], and the nucleation concentration of Al(OH)3. The
aggregation process can be autocatalytic, because the rate
increases as the surface area of the precipitate grows. The
dissolution rate must also depend on the size (and surface area)
of the crystals, which we cannot characterize in detail. We
therefore choose to describe the complex processes of precipitation and dissolution with the simple rate expressions r5 for
precipitation and r6 for dissolution (see Table 1). The constant
Kp in r5 is obtained from the solubility product Ks of amorphous
Al(OH)3(s) and the equilibrium constant KA as Kp ) Ks/KA,
where Ks ) 10-33.2 M4.18,29 The values of k5 and k6 are tuned to
give oscillations similar to those found in our experiments. Note
that we take the rate r6 for dissolution to be constant as long as
some precipitate is present. In reality, however, this rate should
depend on the total surface area of precipitate particles.
The full model shown in Table 1 contains 13 variables: s0 )
[SO32-], s1 ) [HSO3-], s2 ) [H2SO3], b ) [BrO3-], f0 )
[Fe(CN)64-], f1 ) [HFe(CN)63-], o ) [OH-], h ) [H+], a0 )
[Al3+], a2 ) [Al(OH)2+], p ) [Al(OH)3(s)], m0 ) [SO42-], and
m1 ) [HSO4-]. To simplify the analysis and provide more
insight into the system, we show in Appendix A and Appendix
B how to reduce the full model to smaller models that capture
the key dynamic features.
We first derive a two-variable model for the BSF system
without Al3+ (Appendix A). This BSF model (eqs A44 and A45)
with variables h and s (≡ s0 + s1 + s2) reproduces quite well
the experimental results presented in Figure 1. To approximate
the steady states of the BSF model (eqs A44 and A45), we can
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pSS ) (ainD5 - Kp)/(k0/k5 + D5)

Figure 6. Nullclines for the BSF model (eqs A44 and A45) and the
BSFA model (eqs B57-B60) under bistable conditions. (a) Curves s1
and s2 were obtained from eqs A44 and A45, respectively, and curve
3 is the difference k(s1 - s2), where k is an arbitrary scale factor.
Parameters: k0 ) 0.004 s-1, k2 ) 6.6 × 10-2 M-1 s-1, KSA ) 87.1
M-1, KF ) 1700 M-1, fin ) 0.01 M, sin ) 0.082 M, bin ) 0.059 M, min
) 0.011 M, and hin ) 0.022 M. (b) Curves s2 and s1 are nullclines
obtained from rate equations for h and s, respectively, and curve 3 is
the difference between the two nullclines. Parameters: sin ) 0.082 M,
bin ) 0.059 M, fin ) 0.022 M, hin ) 0.022 M, ain ) 0.008 M, k0 )
0.008 s-1, and Kp ) 4.68 × 10-15 M2.

Usually, k0 is smaller than the precipitation rate constant k5, so
pSS is very close to the influx concentration of aluminum, ain.
In either case, the values of hSS, sSS, and mSS must be found
numerically.
Similarly to the BSF model, the BSFA model can be analyzed
in the (h, s) phase plane, which is a projection of the fourvariable phase space (h, s, m, p) to the plane defined by m )
mSS, p ) pSS. Figure 6b shows the nullclines of the BSFA model,
which intersect at the stable steady states SS1 (pH 4.7) and SS2
(pH 5.9) to give the bistability observed in our experiments at
high aluminum concentrations (Figures 3b and 4b).
The BSFA model is able to reproduce small-amplitude
oscillations (OSC1) (Figure 7a), MMOs with different numbers
of small peaks (Figure 7b,c), and large-amplitude oscillations
(OSC2) (Figure 7d).
In the computations, we replaced the nonanalytical Heaviside
function Θ(x - K) by the analytical approximation

xn/(xn + Kn)

Figure 7. Profiles of pH (black) and precipitate concentration (p) (gray)
obtained from eqs B57-B60 for ain ) 0.0023 M; Kp ) 4.68 × 10-16
M2; and k0 ) (a) 0.0012, (b) 0.00132, (c) 0.00135, and (d) 0.0015 s-1.
Other parameters as in Figure 6b.

express the variable s in both eq A44 and eq A45 as a function
of h and construct the nullclines, shown in Figure 6a, whose
intersections define the bistability region. The steady states (the
intersections of the nullclines) found graphically from Figure
6a coincide well with the experimental values in the bistability
region. Exact SS values, hSS and sSS, can be found numerically.
We then developed a four-variable model for the BSFA
system (see Appendix B). It is possible to derive a three-variable
model with variables h, s, and p, if we ignore the slow reaction
(eq 13), but this model is unable to reproduce the MMO region
shown in Figure 2b with reasonable parameters. We therefore
explore our four-variable BSFA model (eqs B57-B60) with
variables s, h, p, and m (≡ m0 + m1), which takes into account
reaction 13.
To find the steady states of the BSFA model, we consider
two cases. If (ain - p)D5 < Kp, the rate of precipitation is zero
(eq B64), and the left side of eq B59 is negative (zero), if p >
0 (p ) 0). Hence, for (ain - p)D5 < Kp, the precipitate
concentration p goes asymptotically to its stationary-state value,
pSS ) 0. The steady-state concentrations of the other variables
can be found using eqs B57, B58, and B60, which involve only
the components of the BSF system.
If (ain - p)D5 > Kp, the precipitation rate is positive, and the
stationary concentration of precipitate can be obtained from eq
B59 as

(14)

(15)

We verified that, for the exponent n > 4 in function 15, the
difference between the numerical solutions of the BSFA model
with the Heaviside function and with function 15 is numerically
negligible. However, analytical function 15 allows us to analyze
the stability of attractors and construct the bifurcation curves
by continuation methods using the bifurcation software AUTO.30
As k0 increases, small-amplitude oscillations (OSC1) emerge
via supercritical Hopf bifurcation of the low-pH steady state
(SS1) (Figure 8a). At higher k0, the OSC1 regime becomes
unstable, and MMOs appear. We found the following sequence
of bifurcations OSC1 f · · · f Mi f Mi-1f · · · f Μ1f OSC2
as k0 increases, where Mi is an MMO region with one large
and i small peaks. The duration of a small peak in an MMO
region is roughly half that of the large peak (see Figure 7),
mirroring our experimental observations (Figure 2b).
The experiments show that the small-amplitude oscillations
(OSC1) can coexist with SS1 at larger [Al3+]0 and relatively
large [Fe(CN)64-]0, as demonstrated by the narrow region of
bistability between SS1 and OSC1 in Figure 3c. As noted above,
OSC1 emerges via supercritical Hopf bifurcation at small k0.
Bistability between SS1 and OSC1 demonstrates that, at larger
k0, OSC1 can emerge or disappear (depending on the direction
of change of k0) through a subcritical Hopf bifurcation (at the
other side of the oscillatory region). This behavior is also
observed in the BSFA model at larger ain and larger k0, as well
as at smaller Kp, as shown in Figure 8b. In an interval of k0
close to 0.0035 s-1, the stable steady state SS1 (pH ≈ 4.2)
coexists with the stable limit cycle corresponding to OSC1.
Figure 8b also demonstrates the bistability between SS1 and
OSC2 at still larger k0, which we did not observe in our
experiments, probably because this region is so narrow.
The experiments also establish that large concentrations of
aluminum (ain > 0.007 M) kill oscillations (see, for example,
Figure 3b,c). Analogous behavior is seen in Figure 8c. For large
ain, we observe only bistability between the low-pH steady state
(SS1) and the high-pH steady state (SS2). This bistability, which
occurs in a relatively small k0 interval, is observed in the
experiments as well (bistability region for [Al3+]0 > 0.01 M in
Figure 3b).
We obtain good agreement between experiment and the model
at all ain only if we use different values of the constant Kp for
low and high ain, namely, Kp ) 4.68 × 10-16 M2 and Kp )
4.68 × 10-15 M2, respectively. This adjustment of Kp is
associated with the dependence of KS, the solubility product
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Figure 8. Bifurcation diagrams for the BSFA model. Black lines denote
stable attractors (stationary states and limit cycles), and gray dotted
lines denote unstable ones. Parameters: (a) As in Figure 7. (b) ain)
0.005 M, Kp ) 4.68 × 10-15 M2, other parameters as in part a. (c)
ain) 0.008 M, Kp ) 4.68 × 10-15 M2, other parameters as in part a.
Vertical dashed lines separate areas corresponding to different types
of oscillations.

constant of Al(OH)3, and hence Kp, on the ionic strength I and,
in turn, of I on ain. KS has been found to be as high as 10-31.6
M4 for ain ) 0.1 M and as low as 10-33.2 M4 for small ain.18,31
We obtained good agreement between experiment and the model
when we used KS ) 10-33.2 for small ain (ain < 0.007 M) and
KS ) 10-32.2 for large ain (ain > 0.007 M).
To test the BSF and BSFA models, we compared their
dynamic behavior in the k0-fin and k0-ain planes with our
experimental results. The calculated k0-fin phase diagram
showing the regions of oscillation and bistability for the BSF
model (Figure 9a) coincides well with the experimentally found
diagram in Figure 1a. The k0-fin phase diagram for the BSFA
model (Figure 9b) shows qualitative agreement between the
model and experiment (Figure 3a). The boundaries between the
SS and oscillatory regions were found by linear stability analysis
of the SSs of the BSFA model, whereas the boundaries between
the different types of oscillatory behavior were obtained by
direct numerical integration of the BSFA model. Note also the
similarity between the analogous diagrams in the k0-fin plane
for the BSF model (Figure 9a) and the BSFA model (Figure
9b). The main difference between these two is that the oscillatory
region in Figure 9b is split into three subregions: OSC1, MMO,
and OSC2.
The dynamic behavior of the BSFA model in the k0-ain plane
(Figure 9c) shows qualitative agreement with the experimental
results (Figure 3b) as well. This parametric diagram was
constructed using Kp ) 4.68 × 10-16 M2 for ain e 0.0023 M,
Kp ) 4.68 × 10-15 M2 for ain g 0.008 M, and a linear
dependence of Kp on ain in the interval ain∈ (0.0023 M, 0.008
M). All of the important features of the experimental system
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Figure 9. Parametric diagram: (a) BSF model in the k0-fin plane.
Symbols: (() SS1 with low pH, (2) SS2 with high pH, (+) bistability,
(O) oscillatory region. Parameters as in Figure 6a. Note that the abscissa
is logarithmic. Compare this figure to Figure 1a. (b) BSFA model (eqs
B57-B60) in the k0-fin plane. BIS, OSC1, OSC2, SS1, and SS2 denote
bistability, small-amplitude oscillation, large-amplitude oscillation, lowpH steady state, and high-pH steady state, respectively. MMOs appear
in the region between the two almost parallel dotted lines. Parameters:
ain ) 0.0023 M, Kp ) 4.68 × 10-16 M2, other parameters as in Figure
6b. (c) BSFA model in the k0-ain plane; fin ) 0.022 M, other parameters
and notation as in b. Symbols SS1/OSC2 and SS1/OSC1 denote
coexisting regions of the corresponding attractors.

are reproduced: narrow domains of oscillation and bistability,
small-amplitude (OSC1) and large-amplitude (OSC2) oscillations, and coexistence of SS1 and OSC1 (see Figure 8b).
However, all of these domains appear at k0 values smaller than
in the experiments. The main difference between the experiments (Figure 3a) and the model (Figure 9c) occurs in the region
[Al3+]0 ∈ (0.004 M, 0.008 M) in Figure 3a. In the experiments,
we have only OSC2, SS2, and bistablity SS1/SS2 for [Al3+]0)
0.0045 M, 0.007, and 0.01 M, respectively. In the BSFA model,
the situation is more complicated. We find bistability between
SS1 and OSC1 (SS1/OSC1) and between SS1 and OSC2 (SS1/
OSC2) for ain ∈ (0.004 M, 0.0065 M) in Figure 9c. We should
probably not expect more quantitative agreement with our simple
BSFA model, because the reversible process of precipitation
has been incorporated into the model in an oversimplified
manner through the Heaviside function without taking into
account the different forms and sizes of the precipitated particles.
Discussion and Conclusion
Our experimental results demonstrate that novel pH oscillations, namely, small-amplitude and mixed-mode oscillations,
can be generated by coupling a well-characterized pH oscillator,
the BSF system, to a precipitation equilibrium, reaction 1 with
Al3+. We have constructed a two-variable model for the BSF
system and augmented it with a simple description of the
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precipitation equilibrium to yield the four-variable BSFA model
that qualitatively reproduces all of our experimental findings.
The development of a simple model and experimental characterization of the dynamic behavior of the BSFA system (e.g.,
the phase diagrams in Figure 3) were the main goals of this
work. However, the discovery of MMOs raises additional
questions about the origin of MMOs, which we address here
very briefly.
There have been many studies of mixed-mode oscillations.32-45
MMOs are found in electrochemical systems32,41,44,45 and in
chemical systems such as the Belousov-Zhabotinsky reaction,33,46
the peroxidase-oxidase enzymatic reaction,40,47 the chlorine
dioxide-iodide reaction,48 and others. In all cases, a description
of MMOs requires three or more variables. Because the majority
of pH oscillators can be satisfactorily described by two variables,
the proton (h) and substrate (s) concentrations, as in the BSF
model, MMOs are a rare phenomenon among pH oscillators.
MMOs have been found in the BSF system under illumination27
and in the SO3--H2O2-marble system.49 The Al(OH)3(s)
precipitate in the BSF system and the marble in the SO3--H2O2
system are analogous: both consist of solid particles that play
the role of the crucial third independent variable. However, there
are obvious differences as well. For example, in the latter
system, the marble only dissolves, whereas in the former system,
Al(OH)3 precipitation is reversible.
MMOs can originate via several dynamical scenarios: a
homoclinic orbit around a saddle focus resulting from the
interaction of a fast two-dimensional oscillatory subsystem with
a one-dimensional slow S-shaped manifold, a canard expolosion,
a Shil’nikov homoclinic loop, a period-doubling cascade, a
period-adding regime, or chaotic oscillations.32,41,43-45 MMOs
can also give rise to Farey sequences,50 although we did not
observe that phenomenon in this system. These theoretical
questions lie beyond the scope of the present work. Here, using
the BSFA model, we simply take a deeper look at the role played
by the Al(OH)3 precipitate in the emergence of these complex
oscillations.
Reactions 2 and 3 always produce protons, and reaction 4
together with equilibrium 11 consumes protons, but the roles
of reactions 5 and 6, responsible for precipitation-dissolution,
and reaction 13 are not so straightforward. We can analyze the
contribution of these reactions to the rate dh/dt using eq B58
and the steady-state value, hSS, calculated numerically for the
oscillatory region. At these parameters, pHSS lies between 4.1
and 4.2. The term (r5 - r6) changes sign in the pH range 3.9-4.1
(different values of pH correspond to different phases of the
oscillation) for small-amplitude oscillations and in the pH range
3.9-4.3 for large-amplitude oscillations, always being negative
at pH < 3.9 and positive at pH > 4.3. Thus, the term (r5 - r6)
always forces the system toward the SS, manifesting itself as a
stabilizing negative feedback. Although Al3+ works as a negative
feedback, the rate (r5 - r6) at pH < 3.8 is much smaller than
the more powerful negative feedback of rate r4. Therefore,
addition of Al3+ to the BrO3--SO32- subsystem without
Fe(CN)64- is not sufficient to produce oscillatory behavior.
The term (1 - DS), which multiplies r13 in eq B58, also
changes sign at pH values close to pHSS, at hS ) (KS1KS2)-1/2
(pHS ≈ 4.4), being negative at h < hS and positive otherwise.
Therefore reaction 13 serves as negative feedback when pH <
pHSS and pH > pHS > pHSS, whereas between pHS and pHSS,
reaction 13 destabilizes the steady state.
We also analyzed the signs of the Jacobian matrix, J(s,h,p,m),
at the steady states, i.e., the community matrix,51 for parameters
corresponding to the oscillatory region (as in Figure 8, for
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example), varying only k0 in such a way that the system exhibits
small-amplitude oscillations, MMOs, and large-amplitude oscillations.

(

+
sign[J(s,h,p,m)SS] )
0
+

+
+

+
(
-

+
+
0
-

)

(16)

The matrix in eq 16 shows that only species h is autocatalytic,
because only one diagonal element, J22 (≡ Jhh), is positive.
Element J23 (≡ Jhp) changes sign from positive to negative as
the system moves from MMOs to large-amplitude oscillations
(k0 increases). This observation suggests that positive J23 might
be important for MMOs (as well as for small-amplitude
oscillations).
To clarify this notion, we explore the possibility of indirect
or cross-autocatalysis.51 For example, elements J41 and J14 create
a positive feedback through cross-autocatalysis, because both
sign(J41) and sign(J14) are positive. An increase in s leads to an
increase in dm/dt (J41 > 0), resulting in an increase in m; in
turn, an increase in m leads to an increase in ds/dt (J14 > 0)
and, consequently, to an increase in s. Positive elements J42 and
J24 also indicate cross-autocatalysis between h and m, underlining the key role of m. In general, a positive feedback can be
created whenever two elements Jij and Jji have the same sign.
Indeed, an increase in h leads to a decrease in dp/dt (J32 < 0).
If this decrease is so strong that dp/dt becomes negative and
leads to a decrease in p, then this decrease in p results in an
increase in dh/dt (J23 < 0), which can lead to positive feedback.
The rate dp/dt can change sign in the vicinity of the SS, because
dp/dt depends strongly on the sign of (r5 - r6) (see eq B59),
which, as noted above, changes in the pH range 3.9-4.3.
In our case, the MMOs are embedded between simple
periodic limit cycles when a bifurcation parameter (for example,
k0) is changed. Therefore, the transition to the MMO regime
might arise from a bifurcation of a limit cycle, rather than from
a change in the character of the steady state, and the Jacobian
matrix would then offer little help in explaining the MMOs.
We note, however, that MMOs can also result from interaction
between a pair of limit cycles, as in the case of two coupled
chemical oscillators.48 The abrupt transition from small- to largeamplitude oscillations known as a canard explosion52 can also
be associated with MMOs.53 The canard phenomenon signals
the existence of two different limit cycles that can sometimes
coexist at the same value of the bifurcation parameter. In our
system, there are two limit cycles, OSC1 and OSC2. The
emergence of one (or both) of these can occur in the parameter
range of the MMOs and can originate from the change in sign
of the Jacobian matrix element, J23. Roughly speaking, OSC1
is created by the BSFA system and is stable at lower values of
k0, while OSC2 is created by the BSF subsystem and is stable
at higher k0. For intermediate k0 values, both simple limit cycles
are unstable. More detailed analysis is necessary to fully
elucidate the origin of MMOs in the BSFA system.
Our experimental results suggest the possibility that coupling
other pH-oscillatory systems to appropriate precipitation equilibria can generate new pH oscillators and complex oscillations.
The new four-variable BSFA model also makes it possible to
better understand the mechanism and the dynamical behavior
of such coupled systems.
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Appendix A. Two-Variable BSF Model
The chemical reactions for the BrO3--SO32--Fe(CN)64system can be written as

3s1 + b f 3h + 3m0

r2 ) k2s1b

(A1)

3s2 + b f 6h + 3m0

r3 ) k3s2b

(A2)

6f1 + b f 0

r4 ) k4f1b

(A3)

s0 + h a s1

KS1

(A4)

s1 + h a s2

KS2

(A5)

m0 + h a m1

KSA

(A6)

f0 + h a f1

KF

(A7)

o + h a H2O

Kw

(A8)

where s0 ) [SO32-], s1 ) [HSO3-], s2 ) [H2SO3], b ) [BrO3-],
f0 ) [Fe(CN)64-], f1 ) [HFe(CN)63-], o ) [OH-], h ) [H+],
m0 ) [SO42-], and m1 ) [HSO4-]. We omit the rather slow
reaction 13 in Table 1.
The reaction rates are expressed by the following ODEs

(A27)

DS2 ) KS1KS2h /(1 + KS1h + KS1KS2h )

(A28)

DF ) KFh/(1 + KFh)

(A29)

Dm ) KSAh/(1 + KSAh)

(A30)

2

2

Combining eqs A9-A18 and using relations A22-A26, we can
eliminate fast equilibrium reactions included in term R8, R9, R10,
R11, and R12. Summation of eqs A9-A11 and use of eq A19
gives

ds/dt ) k0(sin - s) - 3r2 - 3r3

(A31)

Summation of eqs A12 and A13 together with eq A20 gives

dft/dt ) k0(fin - ft) - 6r4

(A32)

Summation of eqs A17 and A18 using eq A21 gives

dm/dt ) k0(min - m) + 3r2 + 3r3

(A33)

Summing s1 + 2s2 + f1 + m1 + h - o and substituting eqs
A22-A26, we can write the identity

s1+2s2 + f1 + m1 + h - o ) sDS + ftDF + mDm + h - 1/hKw

ds0/dt ) k0(sin - s0) - R8

(A9)

ds1/dt ) -k0s1 + R8 - R9 - 3r2

(A10)

ds2/dt ) -k0s2 + R9 - 3r3

(A11)

df0/dt ) k0(fin - f0) - R11

(A12)

df1/dt ) -k0f1 + R11 - 6r4

(A13)

db/dt ) k0(bin - b) - r2 - r3 - r4

(dft/dt)DF + (dm/dt)Dm (A35)

(A14)

(A34)
where DS ) DS1 + 2DS2. Differentiation of the identity in eq
A34 with respect to time gives

d(s1+2s2 + f1 + m1 + h - o)/dt ) (dh/dt)D + (ds/dt)DS +

do/dt ) -k0o - R12

(A16)

where D ) D(s,ft,m,h) ) [KS1s(1 + 4KS2h + KS1KS2h2)/(1 +
KS1h + KS1KS2h2)2 + ftKF/(1 + KFh)2 + mKSA/(1 + KSAh)2 + 1
+ 1/h2Kw]. Substituting eqs A10, A11, A13, A15, A16, and
A18 into the left-hand side of eq A35 and eqs A31-A33 into
the right-hand side, we have

dm0/dt ) k0(min - m0) - R10 + 3r2+3r3

(A17)

(dh/dt)D ) k0(-sinDS - finDF - minDm + sDS + ftDF +

dm1/dt ) -k0m1 + R10

(A18)

dh/dt ) k0(hin - h) - R8 - R9 - R10 - R11 - R12+3r2+6r3

(A15)

where R8 ) kd(s0h - s1/KS1), R9 ) kd(s1h - s2/KS2), R10 ) kd(m0h
- m1/KSA), R11 ) kd(f0h - f1/KF), R12 ) kd(oh - 1/Kw), and kd
is the diffusion-controlled reaction rate constant; the subscript
“in” denotes input concentrations of reactants (min ) [H2SO4]in
) hin/2), and k0-1 is the residence time.
Using the mass balance relations

mDm - ft + fin) + 3(r2 + r3)(DS - Dm) - 6r4(1 - DF) (A36)
Summation of eqs A31 and A33 gives

d(s + m)/dt ) k0(sin - s + min - m)
and, consequently, at long times (when t .

(A37)

k0-1)

m ) sin + min - s

(A38)

s ≡ s0 + s1 + s2

(A19)

ft ≡ f0 + f1

(A20)

Note that the condition t . k0-1 is practically fullfiled after two
to three periods of oscillations.
Combining 6(eq A14) + 2(eq A33) - (eq A32), we have

m ≡ m0 + m1

(A21)

d(6b + 2m - ft)/dt ) k0(6bin - 6b + 2min - 2m - fin + ft)

and fast equilibrium reactions 8-11 shown in Table 1, we can
express the variables s1, s2, f1, m1, and o (as well as s0, f0, and
m0) in terms of s, ft, m, and h as

where

DS1 ) KS1h/(1 + KS1h + KS1KS2h2)

(A39)
Using eq A38 and assuming long times (t .
eq A39

k0-1),

we get from

s1 ) sDS1

(A22)

s2 ) sDS2

b ) bin - fin/6 - sin/3 + ft/6 + s/3

(A23)

f1 ) ftDF

(A24)

Summation of (eq A10) + 2(eq A11) + (eq A13) + (eq A18)
+ (eq A15) - (eq A16) - (eq A32) gives

m1 ) mDm

(A25)

d(s1+2s2 + f1 + m1 + h - o - ft)/dt ) k0(hin - fin - s1 -

o ) 1/hKw

(A26)

(A40)

2s2 - f1 - m1 - h + o + ft) (A41)
and, consequently, at long times (t . k0-1)
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s1+2s2 + f1 + m1 + h - o - ft ) hin - fin
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(A42)

Using eqs A22-A26, eq A42 yields

sDS + ftDF + mDm - ft + fin ) hin - h + 1/hKw (A43)
or

df1/dt ) -k0f1 + R11 - 6r4

(B17)

db/dt ) k0(bin - b) - r2 - r3 - r4 - r13

(B18)

da0/dt ) k0(ain - a0) - R7

(B19)

da2/dt ) -k0a2 + R7 - r5 + r6

(B20)

dp/dt ) -k0p + r5 - r6

(B21)

ft ) [s(DS - Dm) + (sinDm + minDm + fin - hin + h h-1Kw-1)](1 + KFh) (A43m)
Substituting eq A43 into eq A36 and eliminating m, b, and
ft, using eqs A38, A40, and A43m, respectively, we finally have
a two-variable BSF model

ds/dt ) k0(sin - s) - 3(r2 + r3)

(A44)

dh/dt ) [k0Hh + 3(r2+r3)(DS - Dm) - 6r4(1 - DF)]/D

(A45)
where Hh ≡ (hin - h + h-1Kw-1 - sinDS - finDF - minDm), r2
+ r3 ) B(s,h)shKS1[(k2 + k3KS2h)/(1 + KS1h + KS1KS2h2)], r4
) k4DFF(s,h)B(s,h), F(s,h) ≡ ft is given by eq A43m, B(s,h) ≡
b is given by eq A40, and D ≡ D(s,h) ) [sDSd + F(s,h)KF/(1
+ KFh)2 + (sin + min - s)KSA/(1 + KSAh)2 + 1 + 1/(h2Kw)],
DSd ) KS1(1 + 4KS2h + KS1KS2h2)/(1 + KS1h + KS1KS2h2)2.
Note that DS > Dm at any h for the constants KS1, KS2, and KSA
used here, and consequently, the term (DS - Dm) in the
numerator of eq A45 is positive. The term (1 - DF) ) 1/(1 +
KFh) is also positive. The terms h-1Kw-1 and 1/(h2Kw) are very
small and can be omitted if pH < 7.
Appendix B. Deduction of a Model for the
BrO3--SO32--Fe(CN)64--Al3+ (BSFA) System
The chemical reactions for the BSFA system can be written as

3s1 + b f 3h+3m0

r2 ) k2s1b

(B1)

3s2 + b f 6h + 3m0

r3 ) k3s2b

(B2)

6f1 + b f 0

r4 ) k4f1b

(B3)

a2 + o f p

r5 ) k5a2o × Θ(a2o Kp) (B4)

p f a2 + o

r6 ) k6 × Θ(p)

(B5)

a0 + 2o a a2

KA

(B6)

s0 + h a s1

KS1

(B7)

s1 + h a s2

KS2

(B8)

m0 + h a m1

KSA

(B9)

f0 + h a f1

KF

(B10)

o + h a H2O

Kw

(B11)

6s2 + b f 6h

r13 ) k13s2b

(B12)

where Θ(x) ) 0 if x < 0 and Θ(x) ) 1 if x > 0, s0 ) [SO32-],
s1 ) [HSO3-], s2 ) [H2SO3], b ) [BrO3-], f0 ) [Fe(CN)64-], f1
) [HFe(CN)63-], o ) [OH-], h ) [H+], a0 ) [Al3+], a2 )
[Al(OH)2+], p ) [Al(OH)3(s)], m0 ) [SO42-], and m1 ) [HSO4-],
The reaction rates are expressed by the following ODEs

dh/dt ) k0(hin - h) - R8 - R9 - R10 - R11 - R12 + 3r2 +
6r3 + 6r13 (B22)
do/dt ) -k0o - 2R7 - r5 + r6 - R12

(B23)

dm0/dt ) k0(min - m0) - R10 + 3r2 + 3r3

(B24)

dm1/dt ) -k0m1 + R10

(B25)

kd′(a0o2

where R7 )
- a2/KA); R8 ) kd(s0h - s1/KS1); R9 ) kd(s1h
- s2/KS2); R10 ) kd(m0h - m1/KSA); R11 ) kd(f0h - f1/KF); R12
) kd(oh - 1/Kw); kd and kd′ are the diffusion-controlled reaction
rate constants for bimolecular and trimolecular reactions,
respectively; the subscript “in” denotes input concentrations of
reactants; and k0-1 is the residence time.
The system of eqs B13-B25 can be simplified using the mass
balance relations

s ≡ s0 + s1 + s2

(B26)

f ≡ f0 + f1

(B27)

m ≡ m0 + m1

(B28)

a ≡ a0 + a2

(B29)

ht ) h + s1+2s2 + f1 + m1

(B30)

ot ) o + 2a2

(B31)

Summation of eqs B13-B15 gives

ds/dt ) k0(sin - s) - 3r2 - 3r3 - 6r13

(B32)

Summation of eqs B16 and B17 gives

df/dt ) k0(fin - f) - 6r4

(B33)

Summation of eqs B19 and B20 gives

da/dt ) k0(ain - a) - r5 + r6

(B34)

Summation of eqs B24 and B25 gives

dm/dt ) k0(min - m) + 3r2 + 3r3

(B35)

Summation of (eq B14) + 2(eq B15) + (eq B17) + (eq B22)
+ (eq B25) gives

dht/dt ) k0(hin - ht) - 6r4 - R12 - 6r13

(B36)

Summation of (eq B23) + 2(eq B20) gives

dot/dt ) -k0ot - 3r5 + 3r6 - R12

(B37)

Finally, subtraction of eq B37 from eq B36 gives

d(ht - ot)/dt ) k0(hin - ht + ot) - 6r4 + 3r5 - 3r6 - 6r13

(B38)

ds0/dt ) k0(sin - s0) - R8

(B13)

ds1/dt ) -k0s1 + R8 - R9 - 3r2

(B14)

Using the fact that equilibrium reactions 7-12 are very fast,
reaction rates r2, r3, r4, r5, and r13 can now be expressed in terms
of the variables s, f, a, and h. Because of the equilibria, we can
write

ds2/dt ) -k0s2 + R9 - 3r3 - 6r13

(B15)

s1 ) KS1s0h

(B39)

df0/dt ) k0(fin - f0) - R11

(B16)

s2 ) KS1KS2s0h2

(B40)
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f1 ) KFf0h

(B41)

m1 ) KSAm0h

(B42)

a2 ) KAa0o2

(B43)

Kwoh ) 1

(B44)

f0 ) h + s2 - s0 - m0 - o - 2a2 - 3p - hin + sin + min + fin

(B55)
Using the relations

s1 ) sKS1h/(1 + KS1h + KS1KS2h2)

which allows the reaction rates, ri, to be rewritten as

r2 ) k2bshKS1/(1 + KS1h + KS1KS2h2)

m1 ) mKSAh/(1 + KSAh)

(B45)

r3 ) k3bsKS1KS2h /(1 + KS1h + KS1KS2h )
2

s2 ) sKS1KS2h2/(1 + KS1h + KS1KS2h2)

2

r4 ) k4bfhKF/(1 + KFh)

o ) 1/hKw

(B46)
(B47)

a2 ) aKA/(h

f0 ) f/(1 + KFh)

r5 ) k5aKAo /(1 + KAo ) × Θ[aKAo /(1 + KAo ) - Kp]
3

2

3

2

(B48)
r13 ) k13bsKS1KS2h2/(1 + KS1h + KS1KS2h2)

(B49)

where o in eq B48 is equal to 1/hKw.
Now we express (ht - ot) in eq B38 in terms of h, s, f, a, and
m. From eqs B30 and B31, it follows that

ht - ot ) h + s1+2s2 + f1 + m1 - o - 2a2 ) h - 1/hKw +
sKS1h(1 + 2KS2h)/(1 + KS1h + KS1KS2h2) + fKFh/(1 +
KFh) + mKSAh/(1 + KSAh) - 2aKA/(h2Kw2 + KA) (B50)
Next, we differentiate eq B50 with respect to time to obtain

from eq B55, we can express f as a function of h, p, s, and m
as

F(h,p,s,m) ) (1 + KFh)[h + s(KS1KS2h2 - 1)/(1 + KS1h +
KS1KS2h2) - m/(1 + KSAh) - 1/hKw - 2(ain p)KA/(h2Kw2 + KA) - 3p - hin + sin + min + fin] (B56)
Equations B54-B56 allow for the elimination of three
variables, for example, a, b, and f, substituting a ) ain - p, b
) bin - [sin - min + fin - s + m - F(h,p,s,m)]/6, and f )
F(h,p,s,m) into the expressions for rates ri and D. Finally, we
have a system of four differential equations

d(ht - ot)/dt ) Ddh/dt + DSds/dt + DFdf/dt+Dmdm/dt Dada/dt (B51)
where D(h,s,f,m,a) ≡ D ) 1 + 1/(h2Kw) + sKS1(1 + 4hKS2+
KS1KS2h2)/(1 + KS1h + KS1KS2h2)2 + ftKF/(1 + KFh)2 + mKSA/
(1 + KSAh)2 + 4ahKAKw2/(h2Kw2 + KA)2, DS ) KS1h(1 + 2KS2h)/
(1 + KS1h + KS1KS2h2), DF ) KFh/(1 + KFh), Dm ) KSAh/(1 +
KSAh), and Da ) 2KA/(h2Kw2 + KA).
Substituting expressions for ds/dt from eq B32, for df/dt from
eq B33, for da/dt from eq B34, and for dm/dt from eq B35 into
into eq B51, substituting the result into eq B38, and regrouping
gives an expression for dh/dt as

Kw2 + KA) ) (ain - p)KA/(h2Kw2 + KA)

2

ds/dt ) k0(sin - s) - 3r2 - 3r3 - 6r13
Ddh/dt ) k0(hin-DSsin - DFfin - Dmmin + Daain - h +

1/hKw) + 3(DS - Dm)(r2 + r3) - 6r13(1 - DS) - 6r4/(1 +
KFh) + (3 - Da)(r5 - r6) (B58)
dp/dt ) -k0p + r5 - r6

(B59)

dm/dt ) k0(min - m) + 3r2 + 3r3

(B60)

where

r2 ) k2{bin - [sin - min + fin - s + m F(h,p,s,m)]/6}shKS1/(1 + KS1h + KS1KS2h2) (B61)

Ddh/dt ) k0(hin - DSsin - DFfin - Dmmin + Daain - h +
1/hKw) + 3(DS - Dm)(r2 + r3) - 6(1 - DS)r13 - 6(1 DF)r4 + (3 - Da)(r5 - r6) (B52)

r3 ) k3{bin - [sin - min + fin - s + m F(h,p,s,m)]/6}sKS1KS2h2/(1 + KS1h + KS1KS2h2) (B62)

Equation B52 together with eqs B18, B21, and B32-B35
constitute a set of equations for the seven variables h, s, f, b, a,
p, and m that does not contain the fast equilibrium reactions.
Further simplifications can be made. Summing eqs B34 and
B21, it follows that d(p + a)/dt ) k0(ain - a - p). This gives
(at t . k0-1)

r4 ) k4{bin - [sin - min + fin - s + m -

ain ) a + p

r13 ) k13{bin-[sin - min + fin - s + m -

(B53)

Combination of 6(eq B18) - (eq B32) + (eq B35) + (eq B33)
gives d(6b - s + m - f)/dt ) k0(6bin - sin + min - fin - 6b +
s - m + f), which implies (at t . k0-1) that

b ) bin - (sin - min + fin - s + m - f)/6

(B54)

Combining (eq B38) - (eq B32) - (eq B35) - (eq B33) 3(eq B21), we obtain

d(h + s2 - s0 - f0 - o - 2a2 - 3p - m0)/dt ) k0(hin - sin min + fin - h - s2 + s0 + f0 + o + 2a2 + 3p + m0)
which gives (at t . k0-1)

(B57)

F(h,p,s,m)]/6}F(h,p,s,m)hKF/(1 + KFh) (B63)
r5 ) k5(ain - p)D5 × Θ[(ain - p)D5 - Kp]

(B64)

r6 ) k6 × Θ(p)

(B65)

F(h,p,s,m)]/6}sKS1KS2h2/(1 + KS1h + KS1KS2h2) (B66)
with D5 ) KA/[(hKw)3(1 + KA/(hKw)2)]; D ) 1 + 1/(h2Kw) +
sKS1(1 + 4hKS2+ KS1KS2h2)/(1 + KS1h + KS1KS2h2)2 + F(h,p,s,m)KF/
(1 + KFh)2 + mKSA/(1 + KSAh)2 + 4(ain - p)hKAKw2/(h2Kw2 +
KA)2; and DS, Dm, DF, and Da as before: DS ) KS1h(1 + 2KS2h)/
(1 + KS1h + KS1KS2h2), DF ) KFh/(1 + KFh), Dm ) KSAh/(1 +
KSAh), and Da ) 2KA/(h2Kw2 + KA).
Note that (3 - Da) g 1 and (DS - Dm) > 0 in eq B59 at any
pH. The term (1 - DS) is negative if h2 > 1/(KS1KS2) and
positive otherwise. For the KS1 and KS2 values used (see Table
1), this condition corresponds to pH 4.4.
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