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The time development of the chlorine dioxide-iodine-malonic acid- starch reaction, which shows transient
Turing patterns, traveling waves, and oscillations in an inhomogeneous closed system, is simulated with a
six-variable model in one and two spatial dimensions. The results of numerical simulations are compared
with experiments, and the agreement is found to be excellent.

Introduction

The Model

Since the discovery of experimental chemical examples of
symmetry-breaking Turing patterns in 1990,' several groups
have attempted to model these fascinating patterns using a
variety of models. The computational challenge of simulating
reaction-diffusion systems makes the use of strongly simplified
models attractive, since with such schemes it may be feasible
to make analytical predictions, and it is relatively easy to carry
out numerical simulations. There are two approaches: one is
to use an abstract model that is chemically unrelated to the
experimental system in order to make qualitative predictions;
the other is to employ a simplified model derived from the real
dynamics of the system. The most popular abstract models are
the Schnackenberg, and Brusselator3 schemes, because these
have already been analyzed in great detail, are numerically
stable, and do not require stiff solvers to evaluate the partial
differential equation systems. Although these models show
some similarities to the experimental systems in their bifurcation
sequences and qualitative
they do not permit
quantitative comparision or prediction of new features at specific
parameter values of the real chemical system. The alternative
path, which we have followed earlier, is to simplify a chemically
reasonable model to two variables7 and to make predictions
based on analysis of the simplified reaction-diffusion system.
We have shown that a simplified model of the chlorine dioxideiodine-malonic acid (CDIMA) system accurately predicts the
wavelength of Turing structure^,^^^ the position of the structures
in an imposed gradient,I0 the appearance of transient Turing
patterns in a batch system" and the interaction of Turing and
Hopf bifurcations.'2 Moreover, recent numerical studies suggest
that there may be qualitative differences regarding the subcriticality of the Turing bifurcation between the above abstract
models and our chemically derived, two-variable m0de1.I~In
our simplified model, however, parameters related to the
reactants present in great excess must be kept constant.
Consequently, the full time development of the Turing patterns,
particularly their transition to waves, cannot be modeled.
Here we present numerical simulations with a six-variable
model based on four component stoichiometric processes. This
model has already been found to give good agreement with the
experimentally determined homogeneous behavior of the system.' We have tested two different numerical methods and have
compared the results of our simulations in one and two spatial
dimensions with experiment.

The primary purpose of this work is to model and characterize
the time development of the CDIMA reaction in a closed system,
how and when Turing-type patterns arise and vanish as the
system moves along its reaction coordinate from a far-fromequilibrium, inhomogeneous, initial state to a final, homogeneous, chemical equilibrium. Figure 1 shows typical transient
Turing type patterns found in a closed system
The patterns
are interacting hexagons, as confirmed by Fourier analysk1I
To describe the time development of the homogeneous system
we require three component processes. We have also shown
that starch, which is used as a color indicator, has a specific
chemical effect, binding iodine and iodide in an unreactive,
immobile c ~ m p l e x , ~ This
* ' ~ complexation reaction decreases
the effective diffusivity of the activator (in Turing's sense),
iodide, making possible the emergence of Turing pattems. If
the complexation equilibrium is rapid, the incorporation of this
effect into our two-variable model can be accomplished without
increasing the number of ~ariab1es.I~The binding of iodine
and iodide by starch is a complex reaction:I5 it has variable
stoichiometry depending on the iodide concentration and on the
mean degree of polymerization of the amylose. Also, there is
a high degree of cooperativity for iodine binding in the
c ~ m p l e x . ' ~ Under
, ' ~ the experimental conditions, this complex
equilibrium system may be simplified because of the high excess
of iodine to iodide. In this case we can represent the process
by a single equlibrium step. The chemistry of the CDIMAstarch chemical system can be described by the following
reactions:
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+ I- + H+

+ I- - c10,- + lI2I2

+ 41- + 4H' - 21, + C1- + 2 H 2 0
r3 = k3a[C102-][I-][H+] + k3b[C102-][12][I-]/(~+ [I-],)
S + I- + I, -- SI3C10,-

4' = ~4[sl[I2l[I-l - k-,[SI,-I
(1)
where [SIrepresents the concentration of starch per six monomer
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Figure 1. Basic types of Turing structures found experimentally in closed system: (a) interacting hexagons; (b) network-like structures ([C102]0
=6 x
M, [I210 = 8.2 x
M, [H+] =
M, [MAIo = 4 x
M (a) and [MA10 = 2 x
M (b)).

units needed to form a complete helix. If the concentration of
iodide were not much smaller than that of iodine, assuming the
above stoichiometry for the last reaction would modify the free
iodine concentration significantly compared to the real situation.
The partial differential equation system for reactions 1 is
a[MA]/at = -rl

TABLE 1: Parameters of the Model of the CDIMA-Starch
Reaction System
rate or
diffusion
constant

(s-')
7.5 x
klb(M)
5x
k2 (M-l s-')
6 x lo3
k3, (M-2 s - ~ ) 460
k3b (s-l)
2.65 x
a (M2)
1 x 10-14
k (M-2 s-')n
kl,

+ D,,V2[MA]

k-4

a[sI,-]/at = r4

+ Ds,3-v2[s13-]

value at
25 "C

(2)

The parameters and diffusion coefficients are listed in Table
1. Note that the diffusivities of the starch and of the starchtriiodide complex are considered to be zero because of the large
molecular weight and high concentration of the starch. Under
these conditions the starch molecules become interlocked,
effectively preventing their diffusion. The structure of the
solution resembles that of a dilute gel. The diffusion terms on
the right-hand side of eqs 2 were approximated by finite
differences in both one and two spatial dimensions. Although
the experiments were run with zero flux boundary conditions,
we used periodic boundary conditions in the simulations to
decrease the effects of the boundaries. In the real experimental
system the size of the dish in which the reaction was carried
out was at least 200 times larger than the wavelength of the
patterns. Computational limitations prevent our conducting
simulations with sufficiently high spatial resolution for such a
large system. With periodic boundary conditions, the structures
have the same characteristics throughout the system.
To solve the partial differential equation system (2), we used
two stiff differential equation solvers. The first was a semiimplicit Runge-Kutta (SRK) method1* with a banded linear
equation system solver. The other was the VODPK program
package developed by Hindmarsh et al. in the family of reduced
storage matrix solver^.'^-^^ VODPK uses the Krylov subspace
method: it has significantly decreased memory requirements

(~-')n

EA

(Wmol-')
81.5
62.0
51.4
110.0

value at
4 "C

100
9.2 x
1 x 10-14
6 x lo5
1.o

105~cloz-b 1.5

0.75

105~~1.4
1 0 5 ~ ~1.5~ ~
1 0 5 ~ ~ ~ 1.2

0.7
0.75
0.6

1 0 5 0 ~ ~ 0.8

0.4

Dstarch

o(

10-7)

ref

8
5x
8
9.0 x lo2 8
6.2 x

O( <

I

24
24
7
our estimation
our estimation
estimated from
mobility data
25
as C102estimated values
for I- and 13- 25
estimated from
mobility data
our estimation

a These rate constants were set to values in the calculations with the
six-variable model that ensure that they are not rate-limiting steps. These
values are smaller than anticipated from temperature jump relaxation
data. Choosing higher values will not modify any of the results. All
diffusion coefficients in cm2 s-l.

compared to other GEAR-related routines. In the one spatial
dimensional simulations the average CPU time on an IBM RISC
Model 360 workstation was about 10 times shorter using
VODPK without preconditioning (3 min) than using SRK. The
actual CPU time strongly depended on the time development
of the reaction; if homogeneous oscillations with short period
appeared, significantly longer CPU times were required. Both
methods gave the same results in the simulations. Because of
its greater effectiveness, VODPK was used for all the simulations in two spatial dimensions. In these calculations the
memory requirement was about 26 megabytes with 160 x 160
grid points and 6 variables.
Results

In the experimental system Turing patterns arise only in a
narrow range of concentrations. For the simulations we kept
all concentrations constant except that of malonic acid ([MA]),
which was varied between 2 x
and 7 x
M. As [MA]
increases, the wavelength of the patterns increases, they develop
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Figure 2. Time development of concentrations in one-dimensional simulation ([C102]0 = 6 x
[MA10 = 3 x

M).
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Figure 3. Dependence of simulated time development on [MA],, in
one spatial dimension ([C102]0 = 6 x
M, [I210 = 8.2 x
M,
[H+l =
M, [MA10 = 2 x
(a), [MA10 = 2.5 x
(b),
[MA10 = 3 x
(c), [MA10 = 4 x
(d), [MA10 = 5 x
(e),
[MAlo = 7 x
(f), horizontally, spatial coordinate 5 mm; vertically,
time 2000 s).

more quickly, and they live for a shorter time before disappearing. The patterns generally seen are interacting hexagons
or stripes, whose position does not change in time. The patterns
eventually give way to either traveling waves or homogeneous

M, [I210 = 8.2 x low3M, [H'] =

M,

bulk oscillations. The structures require a few hundred seconds
to develop; they then remain stationary for 10-30 min,
depending on the malonic acid concentration. In the experiments the thickness of the solution layer was comparable with
the Turing wavelength, thereby preventing the formation of
three-dimensional structures. Consequently the structures can
be considered as two dimensional. Since the experiments were
run at 4 "C, parameters at this temperature were used in the
calculations.
One-dimensional simulations are useful for rapid calculation
of the time development of the reaction and for estimating the
wavelength. In Figure 2 we show the time development of all
six variables in one spatial dimension. Each variable is scaled
independently, since the maximum concentrations of the
components are very different. On the eight-bit gray scale 0
(black) represents the highest and 255 (white) the lowest
concentration of each species. While the concentrations of the
reactants C102, I2 and MA decrease monotonically, the intermediates I-, C102-, and SI3- have patterned distributions both
in space and in time. After about 8 min of reaction time,
transient Turing-type patterns appear. Their position does not
change in time; their fading away can be seen in the time
development of [SI3-], which is the visually observable species.
The wavelength is 0.17 mm, comparable to the experimental
wavelength of about 0.2 mm. After the disappearance of Turing
patterns, homogeneous oscillations appear. This transition is
best seen in the [I-] and [C102-] frames. The simulations
contain 400 grid points across the 5 mm distance, which gives
80 grid points/"
resolution. The wavelength and time
development of the patterns were independent of the resolution
so long as it is higher than 60 pointdmm.
The calculations were started from slightly inhomogeneous
initial concentrations. The concentration of chlorine dioxide
was perturbed with a sinusoidal function whose amplitude was
1-2% of the total [C102]. The wavelength and time development of the structures were independent of the wavelength of
the sinusoidal function, but structures arose only if the perturbation amplitude exceeded 0.1% of [C102]. Perturbations with
different wavelengths and amplitudes led to the same structures
as long as the amplitude was less than 5%. In the real
experimental system, inhomogeneous perturbations are always
present, because contaminants in the starch lead to small local
variations in [C102].
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Figure 4. Simulated time development of [SI3-] in two spatial dimensions (images at 50 s intervals, 2 mm in length; [C102]0 = 6 x
= 8.2 x
M, [MA10 = 3.5 x
M, [H+] =
and maximum at each time point.

M, [I210
M). For better contrast, [SI3-] is rescaled from 0 to 255 gray levels between its minimum
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Figure 5. Comparison of experimental (first line) and simulated (second line) time development ([C102]0 = 6 x
M, [MA10 = 4 x
M; length in both is 2 mm).
[H+] =

Figure 3 shows the calculated dependence of the time
development on the malonic acid concentration in one spatial
dimension. The interpretation of the gray scale is as before.
The structures are stable longer at lower malonic acid concentrations; at higher [MA] wave formation and bulk oscillation
dominate. The waves do not appear clearly in these simulations,
but the presence of homogeneous oscillations suggests that
waves are likely to arise in one- or two-dimensional systems
of size larger than the wavelength of traveling waves. The
wavelength of the Turing structures is 0.15-0.3 mm and
increases with the malonic acid concentration, in excellent
agreement with the experiments. The other simulated concentration dependences and the time development also agree well
with the experimental observations.
Simulations in two spatial dimensions reveal the type of
Turing patterns (stripes or hexagons) and how they transform

400s
M, [I210 = 8.2 x

M,

into each other and into waves. In these simulations the two
spatial dimensions covered a 2 mm x 2 mm space with 160 x
160 grid points, which gives 80 grid points/mm resolution. The
VODPK method, as before, was used to integrate the partial
differential equation system, requiring several hours on the
workstation for each simulation. The initial concentration of
Cl02 was perturbed by 5% in five randomly chosen cells.
Figure 4 shows the concentration pattern of SI3- at 50 s intervals
for a typical set of initial conditions. At low [MA] (as in Figure
3), the structures persist for quite a long time. At the end of
the reaction the structures either fade away ([MA10 x 2.0 x
10-3M) or they turn into traveling waves ([MA10 x 3.5 x
10-3M) whose wave speed decreases in time. At higher [MA]
the structures live for much shorter times, and waves arise. In
Figure 5 we compare the time development of an experimental
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and a model system. Despite the poorer resolution of the
experimental patterns, the agreement is striking.
Discussion

As noted above, because of the relatively small size of our
simulated system, all our calculations were performed with
periodic boundary conditions. It is straightforward, however,
to adapt this method for zero flux or fixed concentration
boundary conditions, as would be appropriate for an open gel
reactor. Simulations of a system in two dimensions with an
imposed concentration gradient of the reactants have been
carried out in this fashion and will be published elsewhere. These
simulations and the numerical methods used here can serve as
useful tools for designing new experiments, and they point the
way toward adapting these methods for more extended andor
three-dimensional simulations on more powerful machines.
Finally, we have demonstrated that well-characterizednumerical
methods for stiff systems can give results with high spatial
resolution on inexpensive workstations, which should encourage
exploration of realistic chemical models.
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